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CUHEPTETUYECKHWHA D®®EKT B CETH C TMIIEPOKCIIOHEHIIUAJIbHBIMHA
PACITPEJEJIEHUAMMU BPEMEH OBCJ1YKUBAHUSA

B cratee ceTth MaccoBOro O6CJ'Iy)KI/IBaHI/IH C MHOI'OKaHaJIbHBIMHU Y3JIaMH W TUIICPOKCIIOHCHIUAJIbHBIMU pac-
MpeaACICHUAMU BPEMCH O6CJ'Iy)KI/IBaHI/IH npeo6pa3OBaHa B CCTh I[)KGKCOHOBCKOFO tuna. C MIOMOIIBIO TCOpC-
MbI MYJIbTUIIJIMKATUBHOCTHU YCTAHOBJICH CI/IHGPFGTI/I‘IGCKI/II\/'I 3(1)(1)€KT, COCTOHHII/Iﬁ B MCYC3HOBCHUHA O‘IGPGHCI\/'I
IIpyu yBCJIMYCHUHN YHCJIa HpI/I60pOB B y3JIaX CCTH.

KiaroueBble ciioBa: TUTICPOKCIIOHCHINAJIBHOC PACIIPCACIICHHUE; CCThb MACCOBOI'0 O6CJ'Iy)KI/IBaHI/IH; TeOpEMa
MYJIbTUIVIMKATUBHOCTH.

B Hacroseii paboTe penraercs 3aada KOHCTPYUPOBAHUSI CETU MAacCOBOTO OOCITY>KWBAaHUS C MHOTOKa-
HaJBHBIMH Y3JIaMH M HCUe3atoliell Tpyu OOJBIIIOM YKCIIe KaHAIOB odepeibio. B crucTemax MaccoBoro o0CIyxu-
BaHUS TaKHE CHHEPreTUYecKue 3P EKThI TOCTATOYHO JACTAIBHO U3ydeHbl. OJJHAKO B CETAX OOCITYKUBaHUS T10-
JOOHOE SIBICHUE YCTAaHOBHUTH CIIOXKHEE M3-3a MEePEMEITUBAaHUS ITOTOKOB 3asIBOK, BBIXOSIIUX U3 y3710B. [10100-
Hasl TOCTAaHOBKA BOMIPOCA CBsI3aHA C MHTEHCUBHO Pa3BUBAIOIIUMUCS PabOTaMU MO MCCIICIOBAHUIO OSCKOHEUHO-
JIMHEHHBIX CETeH MacCOBOT0 00CIyuBaHus [1, 2], B KOTOPBIX OTCYTCTBYIOT OUYEPE/IH.

B crathe nemaercs mpeANmoONOXKEHHWE, YTO BpPEMEHa OOCIYy)KMBAaHHs B KaHAldaX OTICIbHBIX V3JIOB
TUIEPIKCIIOHCHUIUANIBHEIE, T.€. SBJIAIOTCS BEPOSTHOCTHBIMH CMECSMH KOHEYHOI'O YHUCHIA IKCIOHCHIIMAIBbHBIX
pacnpenencamii. Kaxapiii y3en pa3OuBaeTcs Ha ONPENEICHHOE YHUCIO MHOTOKAaHAJIBHBIX CHUCTEM THUIIA
M |M |n|o co creruaibHO MOI0OpaHHBIM YHCIIOM KaHANIOB. B pesynbraTe ncxoaHas ceTh nmpeodpas3yercs B

OTKPBITYIO ceTh JIKEKCOHa, s KOTOpOH MyJbTUIUIMKATHBHAS TeopeMa II03BOJNSET PEaylUpOBaTh
MEePBOHAYANILHYIO 3a]lauy KOHCTPYWPOBAHMS CETH, 00Jiafaromiell cuHepreTudeckuM 3()QeKkTom, B OTIACIbHBIC
MHOTOKaHAIIbHBIC CHCTEMBI OOCITY)KMBaHUS (CHHEPreTUYeCKuil 3PQEeKT JUIi HUX yKE YCTaHOBJICH). Takum
0o0pa3oM, pacyeTHbIE METOABl COYETAITCS C JJIEMEHTaMU KOHCTPYHPOBAaHHS CeTel O00CITyKHBaHHS,
o0JTaaroMMK CHHEpreTHIeckuM d(heKTom.

OcHOBHO¥ pe3yabTaT

PaCCMOTpI/IM OTKPBITYHO CCTh MaCCOBOI'O 06CHy>KI/IBaHI/I$I G, COCTOAIYIO U3 m y3J10B, MCXKY KOTOPBIMU

UUPKYJIUPYIOT 3asBKM W BpeMEHa OOCHYXMBaHHS B KOTOPBIX SIBJIAIOTCS HE3aBUCHMBIMH M OAWHAKOBO
pacnpeneneHHbIMA CIlyYaiHBIMU BEeTMUMHAMHU ¢ PyHKIMAME pactpenenenus (¢.p.)

F(0)= Y py(1—exp(—pyd), @, = [T Fi(x)dx = Y Lk i=1,...m,
k=1 k=1 Mg

ABJIAIOIMMUCS CMECSMH 7; TIOKa3aTeNbHbIX pacnpenenenuit: p, >0, >/ p, =1. IlycTe Bce monoxuTenbHbIe

1
Pir
Wix 4;

yucna R, = ,k=1,...,r,i=1,...,m, SBIAIOTCA PALMOHAIBGHBIMH M NPEICTABIAIOTCS PAaBEHCTBAMU

Ry :—"k, /I YUCIIUTENb M 3HaMEHATeh — B3aWMMHO MpocThie uncia. O0o3HaunM N nHaummensliee oomiee
ik
KpatHoe uucen By, k=1,...,r,i=1,...,m, 1 NOIOXNM, YTO B KaXIOM U3 y310B cetu G couepxxutcs nlN

puOOpOB.
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JluHamuka TmiepeMerieHns 3asBKM B ceTd G 3a7aeTcs HEpasJIoKUMON MapIIpyTHOM MaTpuiei

©=9, I "j=0» THE 0; — BEPOATHOCTb NEPEXOJA 3asABKHM 10CIEe O0CIYKMBaHMS U3 y3na [ B ysen j, 0, —

BEPOSITHOCTh yXOZia 3asBKH M3 CeTH, 0 — BEPOATHOCTb MOCTYIUICHHS 3asBKM BXOJHOI'O MOTOKAa B y3el I,
0,9 =0. Oboznaumm (A,,...,A,, ) SAUHCTBEHHOE PEIICHUE CHCTEMBI TUMHEHHBIX aNreOpanuecKux ypaBHEHHH

(LAg,..oh,)=(1,0,...,0,)0, A,...,A, > 0. @)

[penmnonokuM, 9T0 BXOAHOM MOTOK B ceth (5 sBJISETCS IIyaCCOHOBCKUM C HHTEHCHBHOCTBIO NN H

BBITIOJTHEHBI HEPAaBEHCTBA
p, =Ma; <1,i=1,...,m. 2)
JUtst IONTyY€eHns CHHEPreTHIecKoro adgdexra B SBHOM BHJIE peodpasyem cetb G ¢ m y3jiamu B CeTh R

c 27 y3mamu. O003HaYHM

-
1

ny, =nNR,, k=1,...,r, ank Nn,i=1,...,m, 3)

U 3aMeHHM y3en [ cetn G Gmokom (i), cocrosumM u3 r; y31o0B (i,k) ¢ n, npuOOpamMH, MMEIOMIUMU

MOKAa3aTeNIbHBIE paclpeieleHus BpeMeH oOciyxkuBanus 1—exp(—p;t), k=1,...,r. 3asBKka BXOTIHOI0 MOTOKa

nocrynaer B y3en (i,k) ¢ BepoaTHOCTBIO 0, p;, a IOCIe OKOHUaHUs OOCITYKUBaHUsS yXomuT B y3en (j,/) ¢
BEPOSTHOCTBIO 0, p ; WM YXOIHT U3 CETU € BEPOATHOCTBIO 0,

OueBHIHO, 9TO (.p. BpeMEHH 00CITY)KUBaHUsI 3asIBKH, TIOCTyTaroleil B 0ok (i), coBmazaer ¢ F(¢), a

ancio mpubopos B Oioke (i) B cuity (3) paBHo nN, kak u B cern (G. MapupyTHast Matpuiia cetd R Taxke
siBIsiercs: Hepaznokumoi. Takum obpazom, cetb R siBisiercst cerbio JlxekcoHa. JlokaxeM, 4TO BEPOSITHOCTh
Py, (n) cymecTBoBaHUs 04epey XOTs ObI B OXHOM U3 y310B (i,k) ceTn R ymOBIETBOPSIET COOTHOLICHUIO

Pr(n) >0, n—> . 4)
Bo Bcex y3nax cetn R B cuily yciaoBui (2) BBIIIOTHSIOTCS HEPABEHCTBA
NA; p,
Bl — o <1, k=1,0cr;, i=1,...m. (5)
P Mg

Torma u3 MynbTHIIIMKaTUBHOM TeopeMbl [[xekcona [3] cimemyer, 4yTo MpenenbHOE paclpeAeieHue 4ucia
3asBOK B y3nax (i,k), k=1,...,r,, i=1,...,m cetn R yIOBIETBOpSIET PAaBEHCTBY

m i
Pty k=1,..,r,i=1,....m)=T]T1P ;). (6)
i=1k=1
3nece Py (f;) NpenenbHOE paclHpefeieHHe 4YHCNa 3as1BOK B n; — KaHAJIBHOM CHUCTEME MAacCOBOrO

obciyxuBaHuss tuna M |M |n|co ¢ MHTEHCUBHOCTBIO BXOIHOTO MNOTOKa nNA,;p; W HHTCHCUBHOCTHIO
00CITy’KUBaHUS HA OTAEIBHOM IIPUOOpE L .

W3BecTHO, YTO M1 CHCTEMBI MacCOBOTO OOCIYXHMBaHHSI M |M |n|oo C WHTEHCUBHOCTHIO BXOIHOTO
IOTOKA nA W MHTEHCUBHOCTBIO OOCIY:KMBaHMS | Ha OTAEIBHOM IPHOOpE CTallMOHApHAs BEPOSTHOCTH p, (k)

HAXOKJIEHUS B CHCTEME K 3asBOK BBIUKMCIIACTCA 110 (hopMmyiam [4]:

k _k
n A
)= p, (0) P =2, (7)
[1min(j,n) M
j=1
-1
n* ot = nhph -1
p,(0)=|1+ z— <1+ e,
k=1 =1 k!

B cuny ¢popmynsl Ctupnunra [S. I'masa I, § 2]:
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n!l=n"e "\ 2nn exp(Mj, 0<wy(n)<l,
12n
u HepaBeHeTBa f(p)=1+Inp—p <0, 0 <p <1, craumoHapHas BepOATHOCTb P(n) CyllecTBOBaHUs OUCpPEIH B

TaKOHU CHUCTEME YAOBJICTBOPACT COOTHOLICHUTO

P(I’l) =p, (0) Z nkpk <e" Py (0) k < exp(”f(p))

< pr<————~=
i it " 27 in (1-p)v/2mn

O6o3HaunM P, (n) CTAllMOHAPHYIO BEPOSTHOCTH CYIECTBOBAHUS o4depenu B y3ie (i,k) cetu R. B cuny

—0, n—> oo, ()

ycnoBus (5) u cootHoteHuit (6), (8) momyunm
P,(n)—>0,n—>w, k=1,..,r,, i=1,...m.
Orcroza cieayer cooTHouIeHne (4), XapakTepusyoliee CHHepreTnyeckuii d3gdekt B cetn R.
3ameuanne. HerpyHo q0Ka3ath, 4To B Ciiydae OONMbLION 3arpy3ku nipu p=p(n)=1—an™’, 0<a<l,
ecmn 0<y<1/2, To P(n)—>0, n >, ecmu y>1/2, o P(n) >1, n— .

3akjIoueHne

Paccmorpennas B HacTosimieil paboTe MOIENb CEeTH MOXKET OBbITh paclpocTpaHeHa Ha Clydai BIIOJHE
MOHOTOHHBIX (complete monotone) [6] pacnpeneneHuii BpeMeH oOciyxuBanus. [log BHomHe MOHOTOHHBIMU
MOHUMAIOTCS pacnpeneneHus C IUIOTHOCTBIO 1), YIOBJIETBOPSIOILIEH HepaBEeHCTBaM

k
e di @
(T

7r000#1 BIIOJTHE MOHOTOHHOHU ¢.p. F'(¢) m s moboro € >0 cymiecTByeT rurepIKcroneHnuansaas ¢.p. G(z),

>0, >0, k>1. C momompio [7. Theorem 1, Lemma 2] u ee 0000ICHII JOKAa3BIBACTCS, YTO JUIS

YZIOBIIETBOPSIIONIAs HEPABEHCTBY SUP,, | F (1) —G(f)|<e. BaxHbIMM 11 NPUIOKEHUH B TEOPHH MaccOBOI'O

00CIyXMBaHHUS BIIOIHE MOHOTOHHBIMH (.p. ABISIOTCS pachpenencHus BelOymna, Ilapero u apyrue
pactpenenenus C TsOKenbIMH XBoctamu [8, 9]. B cBolo ouepeap, anmpoKCHUMHPOBATH BEPOSTHOCTH
CYILIECTBOBAHUSI O4YEepequ B CHCTEME OOCTY)KHBaHHUS C BIOJIHE MOHOTOHHBIMH (.p. BpeMEH OOCITY:KHBaHUS
MOXHO C MTOMOIIBIO TeopeM ycTolunBocTH [ 10] mpruMeHUTENbHO K paccMOTpEHHO# B padore cetn G.

[onp3ysick 3amMedaHneM, HETPYAHO HCCIENOBaTh CHHeprerudeckue 3((GexTsl B pexuMe OONbLION 3a-
IPY3KU B OTJEIBHBIX y3JIaX CETH.
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Synergetic effect in network with hyperexponential distributions of service times.
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In this paper, a problem of construction of queuing network with multiserver nodes and vanishing queues with large numbers of
servers is solved. In queing systems such synergetic effects are analyzed suffieciently detailed. But in queuing networks an analysis of
these effects are more complicated because of mixing of outgoing flows. This problem is closely connected with intensively developing
researchs of networks with infinite numbers of servers in which there are no queues. An interest to these networks is arised by a
simplicity of probability distributions in the networks so by manifold applications like claud computing and systmes of public service.

The networks with service times which have hyperexponential distributions are analyzed. That is service times distributions are
probability mixtures of finite numbers of exponential distributions. Any network node is divided into few M |M |n|o systems with
special numbers of servers. As a result initial queuing network is transformed into Jackson type network. So, to analyze synergetic effect
it is enough to consider separate multiserver systems of M | M |n|o type for which this effects may be analyzed sufficiently simple. In

such a way calculational and constructive mehtods are combuined.

Main element of this construction is an algorithm of a transformation of queuing network with hyperexponential distributions of
service times into network with exponentialy distributed service times. Main property of this transformation is a retention of servers
numbers in different nodes. This algorithm is based on ergodicity condition essentially. Then product theorem for the Jackson type
queuing network is used. This theorem allows to calculate limit distribution of customers numbers in the network by limit distribution of
customers numbers in different nodes. So, to obtain synergetic effect in the network it is possible to use synergetic effect in the nodes.

Considered model of queing network may be spread onto networks with completely monotone distributions of service times. Here

k
complete monotone distribution is distribution with probability density f(¢), satisfying the inequalities (—1)* % 20,t>0,k2>1.
Well known results allow to approximate any completely monotone distribution F(#) by hyperexponential distribution G(¥), satisfying
for any € > 0 the inequality sup,, | F(t)—G(¢) |< . In queing theory completely monotone distributions are the Weibull, Pareto, and

other subexponential distributions. To approximate probability of queue existence in networks with completely monotone distribution it
is possible using stability theorems. A possibility to consider synergetic effects in separate nodes of the network in the regime of heavy
traffic is discussed also.
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