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OB OIITUMAJIbHOCTHU KBA3ZHOCOBBIX YIIPABJIEHUN
B OJTHOM CTOXACTHUYECKOM! 3AJJTAYE YIIPABJIEHUS

PaccmaTpuBaeTcs 3a1a4a ONTHMAJIBHOIO YIIPABIICHHUS HEIMHEHHBIMUA CTOXACTUYECKUMHU IIPOLECCAMU, MaTeMaTHYEeCKast
MOZIENTb KOTOPBIX OMHCHIBACTCS CTOXAcTHUECKUM u( hepeHImanbHpM ypaBHeHueM Wto. IIpn npeamonoskeHnn BBITyK-
JIOCTH 00JIACTH YIPaBIICHHS ITOTYISHBI HEOOXOAMMBIE YCIOBHUS ONTHMAIBHOCTH IIEPBOTO ¥ BTOPOT'O MOPSIAKOB.
KiioueBble ci10Ba: cToxacTHdeckasl CHCTEMa; ONTHMAJIbHOE YIPABICHUE; KBA3HOCOOBIC YIIPABICHUS; JTHHEAPU30BaH-
HOE YCIIOBHE ONTHMAaIbHOCTH.

[Mpunmun makcumyma [ToHTpsArMHA A CTOXaCTHUECKUX 3a7ad ONTHMAJIBHOIO YIPaBICHUS MONYy4YeH B
paborax [1-3 u ap.]. B pabote [4] monydyeHo HE0OX0OUMOE YCIIOBHE ONTUMAILHOCTH B (pOpMe MPUHIUIIA MaK-
cumyma [loHTpsirMHA B 3a7a4e ynpaBlieHUs CTOXaCTUYECKHMH CHCTEMaMH C 3alla3IbIBaIOIIUM apryMEHTOM H
paccMoTpeH ciy4aid BEIPOXKICHHUS YCIOBHUS MakcuMyMa (0co0bIi ciaydaii).

[Ipeanaraemast paboTa MOCBsIIEHAa BHIBOAY HEOOXOAMMBIX YCIOBHH ONTUMAIbHOCTH KBa3HOCOOBIX
yIpaBJIeHHH B 3a7ja4e ONTUMAIBHOTO YIIPABJICHHS, OIUCHIBAEMBIX CTOXaCTHYECKUMH CHCTEMaMH.

1. ITocTanoBKa 3agauu

[Tycts (Q,F ,P) — MOJIHOE BEPOATHOCTHOE IIPOCTPAHCTBO; w(t) — n-MEpHBI CTaHJAPTHBI BHHEPOB-

CKMI IIPOLIECC, ONPEETIEHHBIM Ha TIOTHOM BEPOSATHOM IIPOCTPAHCTBE (Q, F ,P); L (to b R”) — IPOCTPAHCTBO
4
U3MEPUMBIX MO (t,co) CIIy4ailHbIX ITPOLIECCOB x(t, co): [to, L ]:Q — R", nnst xotopeix E j ||x(t)|2 dt <+,
)
311ech ¥ B TANIGHENILEM 3HAK £ — MaTEMaTHYECKOE OXKHMIaHHE.
ITycTe nMHAMKMKa CTOXaCTHYECKOIO YNPABISAEMOrO Ipolecca Ha (MKCUPOBAHHOM OTPE3KE BPEMEHH

T = [to ,tl] OIHUCBIBAETCS cucTeMOr auddepeHnaIbHbIX ypaBHEHUI

dx(t) = f(t,x(t)u(t))dt +o(t,x(2))dw(t), teT=[t,.4], (1)

C HaA4YaJIbHBIM YCJIOBUCM
x{to) =%, @)
rae f(t, X,I/l)— 3alaHHasa n-MCpHasd BeKTOp-(byHKL[I/IH, HCMPCPhIBHAA 11O COBOKYITHOCTH IMEPEMCHHBIX BMECTC C
YaCTHBIMU MPOU3BOAHBIMH IO (x,u) JI0 BTOPOTO TMOPSAJKA BKIIOYUTEIBHO; c(t,x): TxR" - R"™ —(nxn)-

MaTpuiHasd (bYHKL[I/ISI, HCIIPCPBIBHAA 110 COBOKYITHOCTH IEPEMEHHBIX BMECTC C YACTHBIMHU ITPOU3BOAHBIMU IO X
A0 BTOPOro nopgaaka BKIKOYUTCIbHO, TPUYCM

u(t)eUd E{u(-)eLzF(tO,tl;Rr)‘u(t)eUcR’}, 3)
rae U — 3aiaHHOE HEIycTOe, OrpaHMYEHHOE ¥ BBITYKIIO€ MHOXKeCTBO. U/, Ha30BeM MHOMKECTBOM JOIYCTHMBIX

YIpaBICHU.



B nmanphelmem npenmnonaraercs, 4To KakJIOMY JONYCTHMOMY YIPaBIICHHUIO u(t)e L, (to,tl; R’) COOT-

BETCTBYET €IMHCTBEHHOE PELICHUE x(t) cucremsbl (1)~(2) ¢ 1.H. HEMPEPHIBHEIMHU TPACKTOPHSIMHU, ONpPEICTIeH-
HbIMH Ha T .
Henbio ynpasneHus sBASETCS MUHUMHU3ALKS TEPMUHAIBHOIO KPUTEPHS KauecTBa

1) = E {hx(z, )} “
rae h(x) — 33/IaHHAs ABAXIbI HeTIpepbIBHO AuddepeHnrpyemas ckaisipHas QyHKIHS.
OCHOBHOH 3ajaueil SBIACTCS BBIBOJ HEOOXOIUMBIX YCIOBUH ONTHMAJIbHOCTH NEPBOIO U BTOPOTO IO-
PSIKOB JUTS BBIITYKJIONW OOJIACTH YTIPABJICHHA.

2. Heo0xoqumoe yciioBHe ONTUMATBHOCTH NEPBOTO MOPSIKA

IIpeanonoxkum,  4TO (u(t), x(t)) —  ¢uxcupoBaHHBI  gomycTuMbli  npomecc.  Yepes
(ﬁ(t) = u(t) + Au(t), X! (t) = x(t) + Ax(t)) 0003HaYMM MIPOU3BOJIBHBIN JTOMYCTUMBIH Ipouecc. 3anuiieM GopMyIy
JUIs IpUpalleHns (PyHKIMOHAA:
A ) = 1) = 1) = E {h(x{e, )) - (1))} 5)
ITpupamenne Ax(t) TPAEKTOPUH x(t) YIOBIIETBOPSAET CUCTEME
ddx(t)=d[%(t)=x(t) | = (£ (6X(0), i (0)) = 1 (6,x(¢),u(2)))de +
+(o(X (1)) = o(t,x(t)))dw(t), teT,
Ax(ty)=0. (7

ITycts \u(t)epr (to,tl; R")— CIly4aHbIM Tpolecc, cToxacThudeckuil auddepeHnnan KOToporo uMeer

(6)

BUJT
dy (1) =a(t)de+B(t)dw(r).
3ech 1o onpenienennio ot ) — 1 -MepHas HenpepbiBHas Bektop-dymkums, B(¢) € L (to,tl ;R )
Toraa Ha ocHoBarmu hopmyiel to (cMm. Hampumep, [S]) momydaercs
d(v' () Ax(t)) = dy' (t) Ax(2) + ' (¢)dAx(e) +B(e) o (8% (¢)) — o (£, x(1)) |de = ' () Ax(2) +
(O] (£ (63 (0),7(0)) = £ (120(0),u(0)) ) de + (02,7 (1)) = o (1,2(2)) ) dw(1)} +

(8)
+B(1) (6% (1)) o (t,x(t)) ] dr.
31ech 1 B nanbHeiieM (') — 3HaK TPAaHCIIOHUPOBAHMUA.
[Tonoxum
H(t,xu,w) =y (t,x,u), |=H, (tx(e),u(t), (), H,[t]=H,(t.x(t),u(t),w(t)),
H[)=H.(t () u(e)w(1), H [] e (60,0 (1), w(7),
100 1)l A= £, Aebale). o, 1= 0, (6-x()) 0 i) = 1)
HUcnonb3ys popmyiny Teiinopa, ToxaectBa (8MOKHO 3aIUCATh B CIIEAYIOLIEM BH/IE:
d (v (1) Ax(r) = ' (1) Ax () + L[] Ax(r)dt + H, [r] Au(t) dr +
2 (1) H [ (1)t (1) [F] (1) e+ (), [1] (1) e +
©)

voy |z (o) )+ ' (6) (o (7 (1)) = o (1 (0)))ew(e) + B(0)o ) ax(r) e+
A (1)B(0) 0. [ 1) (1) + B o [ (1) e

3)_ICCB BCIINMYMHBI Oi(') = 1, 2 OnpeACIIA0TCA, COOTBETCTBCHHO, U3 PA3JIOKCHUA



H(t,x(t)u(t),y(t))—H(t,x(e),u(t),w(t)) = Ho[t]Ax(¢) + H, [t] Au(r) +
o (1) [ A1) 8 (0)H [ (1) 8 (o), [ () o [z (0 ),

o(07(1)) -0 (1,3(1)) = &, []Ax(1) + S &¥ (1) [ ae(0)+ 0a Jax(0)[ ).

rue Az(t) = (Au(t), Ax(t)), .
C yuerom (7) u (9) bopmyna npupamieHus (5) IpUHUMAET CIEIYIOIIMA BU;

()= {00+ 0 ) 00w ()50 (1)

[t T [ ()t = A (1) [ (o) o (1) L [ an() = 10

—%lf Au'(t)H,, [t]Au(t)dt - ljl B(t)o, [t]Ax(t)dt— %lf Ax'(t)B(t)Gxx[t]Ax(t)dt} +n(Au).

3ILeCB I10 OMpCACICHUIO
4 4
(o) =E{— Fou =0~ By (Jax(0) i s as (e )||2)},
f f
e o, (”Ax(t1 )”2) OTIPEEISETCS U3 PA3TIOKEHHS

(1))~ (x(0)) = (1)) () + S A (1) e (x(0)) e() 0 (s ) ).

Ecmu npeanonoxuTs, 4To ClydaiHbIe IPOLECCHL (t) el (to,t1 ;R") , B(t) € L2F (to,tl;R"X") SBJIAIOTCA

peuicHueM COHpH)KeHHOﬁ CUCTEMBbI
{d\y(t) =—(H [1]+B(¢)o,[r])dt +B()dw(r),
w(n)==h(x(n))

T0 (hopmyia mpupamenus (10) mpumMer creayrommi BUI:
12 12
Al (u) =E{— FH [e) () de +2 & (1 Y ((0)) () == | A (e) H o [] e () e —
12 12 I3
_% [ AY (£)B(t) 0[] Ax () dt - | Au'(¢) H,,, [t]Ax(t)dt—% [ Au'(1)H,, [z]Au(z)dz}m(Au).
N ) fo
CnenuanbHOE MPHPALICHHE ONTUMAIBHOIO YIPABICHHS u(t) B CHJTy BBIITYKJIIOCTH OOJIACTH YIIpaBIICHUS
U MOXHO onpenenuTs 1o Gopmyse
Au(t;a)zs[v(t)—u(t):l, teT, (12)

rae v(t) el (to,tl;Rr ) — IPOU3BOJIBHBIA BEKTOP, A € € [0, 1] — IIPOU3BOIBHOE YHCIIO.

O6o03HaunM yepe3 Ax(t;s) — crenuajgbHOE MpUpalieHUue TPaeKToOpuH Xx(f), OTBevalollee NPHPAIICHHIO
Au(t;€) ynpaBuenus u(t).

U3 (6), ucnionn3ys ycinosue Jlunmuna, npu nmomomy Jemmsbl [ poryomia—benmana (cMm. Hanpumep, [6])
rojTy4yaercs OlleHKa

E"Ax(t;s)”2 < Ne?, (13)
rme N =const>0.
Jlemma. Ilyctp f(t) SIBJISICTCSI PEIICHUEM 3a7a9u



()= (fx' [1e(e)+ £ [e)(v() —u (t)))dt +o, [t]0(e)aw(t), (14)

Torna cipaBeyTMBO pa3iioKeHUE
Ax, (t)=¢l(1)+o(e;1). (15)
[Ipunumast Bo Buumanue (15) u onenky (13), u3 (11) momy4um, uro
1

AL (u) =1 (u(t)+ Aug (1)) =1 (u(t)) = —aE{j H,[1](v(r)- u(l))dl} +

2

+% (1) (x(1)) (1) - :jl C(6)H o [t]0(t)dt = [ 0'(¢)B(¢) oy [¢]€(¢)dt - (16)

[P OB(0)0 L [t~ 2 16V H,, [£] () = V0t ~ | (u(t) = v(O) H,, [(N(V(0) - u(r))dz} +o(e?).

fy
U3 paznoxenusi (16) B CHly MPOU3BOIBHOCTH € Cpa3y CIEAyeT CIPaBEJIMBOCTh CIIEAYIOIIETO YTBEp-
HKICHUS.
TeopeMa 1. HpI/I CACIIAaHHBIX TPCAMOIO0XKCHUAX JISI ONTHUMAJIBHOCTU AOIMYCTHMOI'O YIPABJICHUA u(t),

t €T, B 3amaye (1)—(4) HeoOX0aMMO, YTOOBI HEPABEHCTBO

4
EIH; [¢]0v(¢) = u(e))dr < 0 (17)
to
BBINOJIHATIOCH JIJISL BCEX v(t) el (to 43R )
Hepasenctso (17) siBisercs mTuHeapri30BaHHBIM HHTETPAJIBHBIM YCIOBUEM MakcuMyMa 11 3agauu (1)—(4).
MoXHO JOKa3aThb, YTO OHO MMEET MECTO TOrJa M TOJIBKO TOrZa, KOrja moyru it Bcex 0€(f,,f) u
vel, (to,tl;Rr) BEINOIHAETCS HEPABEHCTBO
H,[0](v-u(0))<0. (18)
3nech U B nanpHelmeM 0 € [¢,,t) — npousBonbHas Touka Jlebera ynpasieHus u(t)

Hepagenctso (18) ects mOTOUECHYHBIN JTUHEAPU30BAHHBIM MPUHIUI MaKCUMyMa B paccMaTpUBaeMoOil 3a-
Jiayue U IpeiCcTaBIsieT co00H HE00X0AMMOE YCIIOBHE ONTUMAIBHOCTH TIEPBOTO MOPSIIKA.
Ilepelinem k U3y4eHHIO cydasi BBIPOXKACHUS JINHEAPU30BAHHOIO YCIOBHS MaKCHMyMa.

3. HeoO0xoaumeble yCJIOBHSI ONTHMATBHOCTH KBa3HOCOOBIX yIIPaBJIeHUH

Bynem nccnenoBath cirydail BEIpOXKICHUS TUHEAPU30BaHHOTO ycinoBus makcumyMma (18). Ilo aranorum ¢
[7] BBemeMm cnepyroliee onpeeieHue.
Omnpenenenne. Jlonyctumoe yrpaBieHre u(t) Ha30BEM KBa3MOCOOBIM, €CIIH BAOJb MpoLecca (u(t),x(t))

s Beex ve U, u 0 €[ty,t) BBIIOIHACTCS CIEAYIOIIEE YCIOBHE!
H,[0](v-u(0))=0, mn. (19)
ﬂCHO, 4YTO B KBa3HOCOOOM CJIydac JIMHCAPpHU30BaHHOC H606X0):[I/IMOC YCI0BUEC ONITUMAJIBHOCTH (1 8) TCPSCT

CBOE COZIEpKaTeNbHOE 3HAYCHHUE, B CBSI3M C YEM HAJl0 MUMETh HOBbIE HEOOXOIAMMBIE YCIOBUSI ONTHMATbHOCTH,
paboraromiye B KBa3HOCOOOM CiTydae.

ITycts u(t), teT, — xBazuocoboe ontuMansHoe ynpasienue. Toraa u3 pasnoxenus (16) B cuiny (19) u

MMPOU3BOJIBHOCTU € € [O, 1] CJICAYCT, 4YTO
E{z'(zl)hﬂ, (x(ll))f(ll)—}[(f)[lfm [1]+B(¢)o,.[e]]¢(r)dt -
(20)

_2]’(v(z)-u(z))' H,[1]¢(c)dr _}(V(z)_u(z))' H,, [1](v(¢) _u(;))dt} >0,

) ty



Teopema 2. Ecin u(t), t e T, —xBa3uocoboe ynpasieHHe, TO IJsl €ro ONTUMaIbHOCTH B 3aaa4e (1)—(4)
HEo0X0UMO, YTOOBI HepaBeHCTBO (20) BBIMOTHSUIIOCH AT BCeX v(t) eU,,teT.

HepagenctBo (20) siBisieTcst 1OBOJIBHO OOIIMM, HO BMECTE C TEM HESIBHBIM HEOOXOAMMBIM YCIOBHEM
ONTHUMAJILHOCTU KBa3HOCOOBIX ympaBieHHi. OJHAKO C ero NOMOIIbI0 yOAeTCsl MOAYYHTh DSl HEOOXOAUMBIX
YCIIOBUH ONTUMAIIBHOCTH KBa3HOCOOBIX YIPaBJICHUH, BBIPAKEHHBIX HEMTOCPEACTBEHHO Yepe3 mapaMerphl 3a1a-
qn (1)—(4).

VYpaBuenue (14) siBisieTcs TMHEHHBIM HEOTHOPOAHBIM CTOXAaCTHYECKUM U] PepeHInaIbHbIM YPaBHEHH-
em. [loaToMy, mpuMeHsist pe3ynbTaThl, HApUMep, padot [§] momydaeM, YTO pelIeHUe ﬁ(t) 3agaun (14) nomyc-

KacT MpEeACTaBJICHUC

K(t)=jQ(t,r)(v(r)—u(r))dr. @

31€ech 10 OIpPEAEICHUIO
0(1.%)= R(t0), [1].
rae (n X n) MaTpHIa R(ﬂ:,s) SIBJISIETCS PEILICHUEM 3a/1a4H
dR(t,s)=f![t]R(t,s)+ o, [t]R(t,s)dw(1),
R (S, s) =E, (E, — (nxn)-MepHas eIMHUYHAS MATPHLA).

C nomompto mpeacraBieHus (21) ciemyst cxeme mpemioKeHHbIH, Hanpumep, B [9-11] nokasbiBaeTcs
CIPaBEINBOCTb TOXKIECTB:
() (x(0)) (1) =

= 11 (0(5)=u(2)) Q{17 (x(1))@(11.5)(v(s) ~u(s)) deds. @)

ol

lff'(f)[Hxx []+B()o . [1]](¢)dt =

fy

t )
Ilycts 1o onpeneneHuo
il
K (t,5)==0(t;, Dy, (x(1,)0(t;,5) + { )Q(r,r)[ﬂxx [1]+B(¢)o[]]O(ts)ar.
max (t,s
3ameTuM 4TO, MaTpuuHasi QyHKOUS K (T,s) SBISETCS CTOXaCTUUYECKUM aHAIOTOM, MATPHUYHON (QYHKIHH,
KOTOpasi BIIEPBBIC BBEICHA B JIeTEpPMUHUPOBaHHOM ciydae B padorax K.b. MancumoBa (cm., Hanpumep [9-11 u

ap.])-
[Ipunumast Bo BHUMaHUE ToxKAecTBa (22)—(24), HepaBeHcTBo (20) mpeobpa3yem K BUIY

E{tjl tjl (v(‘c) —u(‘c))' K(r,s)(v(s) - u(s))ds dt+

[0 [0 (25)
12| { J(v(x)~u(x)) Hy[7] Q(r,z)dr}(v(z) —u(t))dt+ | ()= u(e)) H o, [0(0) —u(t))dt} <0.

oLt l
CrnenoBaTenbHO, CIIpaBEAINBA CACAYIOIAs TEOpeMa.
Teopema 3. Eciin u(t), teT, — kBa3nocoboe ynpasieHue B 3aaaue (1)—(4), To 415 ero oNTUMaILHOCTH

HE0OX0MMO, YTOOBI HEpaBEHCTBO (25) BHIMOMHSUIIOCH AT BCeX v(t) eU,,tel.



HepasenctBo (25) sBisieTcss 00IIMM MHTETPATbHBIM HEOOXOMMBIM YCIIOBHEM ONTHMAIIBHOCTH JIISI KBa-
3M0COOBIX YIPaBJICHUI.

Kpome Toro, onpenemnsis v(t) KOHKPETHBIM 00pa30oM, MOYKHO MOJIYYHTh [IOTOYEUHBIE YCIOBUS ONTUMAIb-
HOCTH KBa3MOCOOBIX YIPaBICHUH.
CaencrBue. Ecin u(t),t e T, — xBazuocoboe yrpasienue B 3anaue (1)—(4), To i ero onTUMaIbHOCTH

HCO6X0)II/IMO, YTOOBI HCPABCHCTBO

’

(v-u(0)) H,,[0](v-u(0))<0 (26)
BBINOJIHAIOCH IIOYTH A7l Beex 0 € [to,tl) nvel,.
Jiis nokasarenbcTBa HepaBeHCTBA (26) MocTaTodHO B (25) v(t) OIPENENnTh TI0 (hopMye
v, te[9,9+8)=T5,
vs ()=
u(t), teT\Ty,

rae o >0 — J0CTaTOYHO Maloe TPOU3BOJIEHOE YHCIIO.
3akjIoueHne

HpI/I IIOMOIIIK CTOXAaCTHYCCKOI'O aHajiora MEeroga HpI/IpaH.[eHI/If/’I TMOJIYUYCHO JIMHCAPU30BAHHOC H606XOI[I/I—
MOC€ YCJIOBUC ONITUMAJIBHOCTH, 4 TAKIKC UCCICAOBAH KBa3uOCOOKII cnyqaﬁ. VcTaHOBICHEI HCO6XOI[I/IMBIC ycio-
BHS ONTUMAIEHOCTU KBa3HOCOOBIX yr[paBJ'IeHI/If/’I.
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Let (Q,F ,P) be a complete probability space. w(¢) be n dimensional standard Winer process determined on the space (Q,F ,P) .

L% (to,tl;R") be a space of measurable with respect by (t,(o) random processes x(t,a)): [to,tl]:Q—>R” such that
4 P

E| ”x(t)" dt < +oo .
)

Here and follows sign E is mathematical expectation.
Let on a fixed time interval [to 4 ] =T the control process be described by the following stochastic differential system:

dx(1) = f(t.x(2).u(t))dt+o(t,x(1))dw(t), teT,

x(to) =X -
Here f{(z,x,u) is the given n dimensional vector-function continuous in totality of variables together with partial derivatives with re-

spect by (x,u) to second order inclusively, c(t,x) is a matrix function of sizes (nxn) continues in totality of variables together

with partial derivatives with respect by X to second order inclusively.
u(t)eU, = {u() els (to,tl;R’)‘u(t) eUc R’} ,

where U is the given nonempty, bounded and convex set. Call U 4 set of admissible controls.

Our goal by minimize the functional
I(u)=E{h(x(4))},
on the set of admissible controls. Here h(x ) is the given twice continuously differentiable scalar function. By means of the stochastic

analogue of the method suggested and developed in the papers of K.B. Mansimov, we get a linearized necessary optimality condition,
and also study the quasi-singular case. Necessary optimality condition of quasi-singular controls is established. Then investigated par-
ticular cases.
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