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This paper proposes adaptive predictors of continuous-time dynamic systems with unknown parameters. Predictors are 
based on the truncated parameter estimators. In particular, there are considered the Ornstein-Uhlenbeck process and one-
parameter stochastic delay differential equation. In this paper the truncated estimation method is first applied to 
continuous-time systems. Asymptotic and non-asymptotic properties of the predictors are investigated. There is also 
found the rate of convergence of the second moment of a prediction error to its minimum value. 
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Prediction is a momentous problem in modern world. Distinctive fields of science, for instance, econom-

ics, financial mathematics, engineering, biology etc. appeal to mathematical tools to get predictors of the real 
dynamic processes they explore. If a model allows making predictions of high statistical quality it is considered 
to be beneficial. Since models of dynamic systems often have unknown parameters, we have to deal with esti-
mation problem in order to construct adaptive predictors. The quality of adaptive prediction significantly de-
pends on a choice of estimators of the model parameters. Adaptive prediction problem for discrete-time sys-
tems was solved in [1] on the basis of truncated estimators proposed in [2]. In this paper we present analytically 
investigated predictors of continuous-time systems constructed on the basis of truncated estimators of dynamic 
parameters. 

 

1. Prediction of Ornstein-Uhlenbeck process 
 

Assume the model 
, 0,t t tdx ax dt dw t                                                                       (1)  

with an unknown parameter ,a  where 0x  is zero mean random variable having finite moments of all order, tw  

is the standard Wiener process, 0x and tw  are mutually independent. Suppose that the process (1) is stable, i.e. 

the parameter .0a Note that in this case for every 1m  
2
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t
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The purpose is to construct a predictor for  tx  by observations   utss
ut xx 

  0 which is optimal in a sense of 

the risk function introduced below. Here u > 0 is a fixed time delay. 
Using the solution of the process tx  for given 0u we have the representation 

, , ,t t u t t ux x t u       
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Optimal in the mean square sense predictor is the conditional mathematical expectation 
0 , .t t ux x t u    
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As in practice the parameter a  and, as follows,   are unknown, it is impossible to construct the optimal pre-
dictor for real processes. In order to solve the problem of prediction we define an adaptive predictor that is con-
structed by estimator ta  of unknown parameter а. 

Define adaptive predictor as 

  ˆˆ , ,t t u t ux t u x t u                                                                 (3) 

where ˆˆ , ;t ua u
t u e t u
   ( ,0]ˆ ,t ta proj a  ta  is the truncated estimator of the parameter a  constructed similar 

to discrete-time case [2] on the basis of the least squares estimator 
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Lemma. Assume the model (1). Then for  asut 2exp:0  and some numbers pC  estimators tâ  and 

ˆ
t  have the properties: 

  p
pp

t t
C

aaE  2ˆ                                                                 (5)  

and 

 2ˆ , 1.
p p

t p

C
E p

t
                                                             (6)  

Proof of Lemma. We prove the property (5) similar to [2]. By the definition (4) of the estimator ta  and 

using (1) let us find representation for the deviation of the estimator 
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In what follows, C will denote a generic non-negative constant whose value is not critical (and not always the 
same). 

Using the Cauchy-Schwarz-Bunyakovsky inequality for the first summand we get: 
2 2 2
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By the Ito formula for 2
tx  it is true that 

dtdwxdtaxdx tttt  22 22  

and then 
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Thus, by making use of the properties of the Ito integral and (2) for every 1m  it holds  
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Then 
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and applying (8) , as well as the Chebyshev inequality for 0st   we have 

 
 

  .
log

log
2

4

41

2
12

2 p
p

tp

p

t
p

t
CggE

tg

atgggPaI 





            (10)  

From (7), (9), (10) and definition of tâ  the property (5) follows. 

The assertion (6) follows from the obvious inequality ˆ ˆ ,t tu a a      which can be obtained by the 

Taylor expansion for the exponent   uaat ˆexp . Lemma is proven. 

Now we are ready to investigate the statistical properties of the adaptive predictor (3). The prediction er-
ror has the form 

      ,
ˆˆ: .t t t t u t u t t ue t u x x t u x             

Thus, for some C 

  2 2lim tt
t Ee t u C
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and if there is a’priori information that La   then 

   2 2 , exp 2 .t
CEe t u t u L
t

       

 
2. Delay differential equation 

 
Assume  0,  tww t  is a real-valued standard Wiener process, a and b are real numbers and  

 rtxx t  ,  is a solution of the stochastic delay differential equation 

, 0,t t t r tdx ax dt bx dt dw t                                                     (11)  

with some fixed initial condition   0 , [ –r, 0],tx X t t   where  0X  is a continuous stochastic process inde-

pendent of  .w  

The solution x of (11) exists, it is pathwise uniquely determined and can be represented as (see, e.g., [3, 4]): 

          .0,0
0

00

0

000   


tdwstxdssXrstxbXtxx s

t

r
t  

Obviously, it has continuous paths for 0t  with probability one and, conditionally on   xX ,.0  is a Gaussian 

zero mean process. Here   rttx ,0  denotes the so-called fundamental solution of the deterministic equa-

tion 

       0 0 0, 0 1x t ax t bx t r x     and  0 0, [ ,0).x t t r    

Assume in the next section that the solution x  of (11) is being observed, the parameter 0a  and the parame-
ter b  is unknown and has to be estimated. 

Estimation problems for stochastic differential equations with time delay have been considered in a few 
papers up to now – see, e.g., [3; 5–7] and the references therein. 
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2.1. One-parameter delay differential equation 
 

In this section we consider the differential equation with time-delay of a special structure. Assume the 
model 

, 0 ,t t r tdx bx dt dw t                                                           (12)  

with an unknown parameter b such that the process (12) is stable. Note it is stable when the parameter 

 / 2,0 ,b   see [3]. Now we construct optimal and adaptive predictors for the process (12). Optimal in the 

mean square sense predictor is the conditional mathematical expectation 
     utt
k

t xxEutz  |  

that satisfies the following equation 
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t
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i
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

 
                                       (13)  

Here   means the minimum between   and .  

Since the parameter b in the definition of the optimal predictors    utz k
t  is unknown, we define the 

adaptive predictor by formula (13) replacing the unknown b with ,ˆ
utb   where utb 

ˆ  is the projection 

 /2,0
ˆ
t u t ub proj b                                                                (14)   

of the truncated estimator of the parameter b which is defined as follows 
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Define the numbers  2 2
0 0

0

x v dv


  
 
and   2

0 0max , exp ,s r    where  0x  is the solution of the characteris-

tic equation     0,00  vrvbxvx  of the process (12) with   100 x  and   ,00 vx  when [ ,0).v r   

For 0sut   estimators (14) have the properties 

  ,1,ˆ 2
 p

t
C

bbE p
pp

t  

which can be proven similarly to Lemma. 
Denote the adaptive prediction error and rewrite it in the form 
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where    utttt xxExute  |0  and            .ˆˆ utzutzute k
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k
t

k
t   Then for every fixed 0k  the fol-

lowing limit inequalities hold  
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If it is known that  0 1 0 1, , / 2 0,b b b b b       then for   2
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the non-asymptotic property is fulfilled 
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3. Simulations 
 

To confirm the convergence of the truncated estimators (4) and the properties of predictors (3) construct-
ed on the basis of these estimators we made the simulations.  

For this purpose we used the software package MATLAB. In Tables I, II the average 

 


100

1100

1

k
TT kaa

 

of estimators  kaT  constructed according to (4) by the k-th realization      100,...,1,  kxx k
t

k  of the process 

(1) and its quality characteristics (empirical mean square error): 

   


100

1
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100

1
)(

k
Ta akaTS

 

for different durations of observations T are given. Define the discretization step h and the number of discrete 

observations 1 .N h T  
 

T a b l e 1 

Estimators Ta  and their quality characteristics 2( )aS T  for h = 0,1 

 

A 
N = 1000, T = 100 N = 2000, T = 200 N = 5000, T = 500 

Ta  )(2 TSa  Ta  )(2 TSa  Ta  )(2 TSa  
–0,3 –0,3135 0,0065 –0,3051 0,0030 –0,3070 0,0011 
–0,5 –0,5113 0,0082 –0,5180 0,0059 –0,4969 0,0017 
–0,8 –0,8283 0,0154 –0,8034 0,0074 –0,7949 0,0033 
–1 –1,0126 0,0186 –0,9979 0,0111 –1,0017 0,0051 

 
T a b l e  2 

Estimators Ta  and their quality characteristics 2( )aS T  for h = 0,15 

 

A 
N = 1000, T = 150 N = 2000, T = 300 N = 5000, T = 750 

Ta  )(2 TSa  Ta  )(2 TSa  Ta  )(2 TSa  
–0,3 –0,3054 0,0050 –0,3098 0,0019 –0,3042 0,0001 
–0,5 –0,5107 0,0053 –0,5081 0,0036 –0,5050 0,0014 
–0,8 –0,8263 0,0124 –0,8114 0,0042 –0,8041 0,0020 
–1 –1,0146 0,0111 –1,0165 0,0061 –1,0122 0,0028 
 

According to the simulation results given in tables 1, 2 we can say that the empirical mean square error 

(MSE)  TSa
2  of the estimators Ta  becomes less with growth of the sample size (see fig. 1 as well). It means 

that the estimator’s value becomes closer to the true value of the parameter. This fact proves the effectiveness 
of the presented estimation procedure. 

There were also constructed predictors of the observed process by the obtained estimators of 5,0a  

with 1, 0,1:u h   

  .1,1ˆ 1
ˆ 1  
 txetx t

a
t

t  

The results are presented on the graphs below. The solid one identifies the real values of the observed 
process, the stipple one shows the predictor’s value (see fig. 2). 

For the fig. 3 there was computed the empirical mean square prediction error that is equal to 

        
100 2

2

1

1
ˆ 1 , 10,

100
k k

x lh lh
k

S l x x lh l N


     

with T = 100, N = 1000, u = 1, h = 0,1. It shows that the prediction error converges to the value 
2 11 0,6321e     which corresponds to the obtained theoretical results. 
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Fig. 1. Empirical MSE )(2 TSa for 0,5; 100; 0,1; 1000a T h N      

 

 
 

Fig. 2. Process tx  (―) and adaptive predictor  1ˆ txt  (. . . .) 
 

 
 

Fig. 3. Empirical MSE  lS x
2  

 

Conclusion 
 

Adaptive prediction problem of the Ornstein-Uhlenbeck process and one-parameter linear stochastic de-
lay differential equation is solved. Non-asymptotic upper boundary of the prediction error is found. It is shown 
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that this boundary is inverse proportional to the duration of observations. Non-asymptotic properties of adap-
tive predictors are obtained due to the usage of the truncated estimators [2] of the unknown parameters con-
structed by samples of fixed size. This method can be applied to various problems of parametric and non-
parametric statistics. In this paper it is first employed to continuous-time systems. The obtained results can be 
used for the optimization problem of proposed predictors in the sense of special risk functions similar to dis-
crete-time models [1]. 
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В данной работе представлены адаптивные прогнозы для динамических систем с непрерывным временем и неизвестными 
параметрами динамики. Прогнозы строятся на основе усеченных оценок параметров. В частности, рассматриваются процесс 
Орнштейна–Уленбека и однопараметрическое стохастическое дифференциальное уравнение с запаздыванием. В статье 
усеченный метод оценивания впервые применяется в системах с непрерывным временем. Исследованы асимптотические и 
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