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THUMOBBIX OBOBIIAIOINX ®YHKIAI

Ipemnaraercss alropuT™M COKpAICHHOTO Iepedopa TOYEK, COOTBETCIBYIOIIMX OOBEKTaM, XapaKTEPU3YIONIUMCS He-
CKOJIBKUMH TIPU3HAKAMH, JUIS IOCTPOSHHUS JIMHEIHHOH BBITyKIIOH 00010uky u [TapeTo-06010uky MHOMXKECTBA 3THUX 00b-
€KTOB. /IaHHBIN AJITOPUTM HMCIOJIB3YETCs IIPU UCCIEIOBAaHUU CTPYKTYphl npeanourenuid JIIIP ¢ ucnons3oBanuem Tumo-
BBIX 0000Mmaromux (QyHKIHHA.
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B 3amaue ompenencHUs yCIOBHI ONTUMAaIbHOCTH HEKOTOPOHM albTePHATHBBI U3 JUCKPETHOTO MHOXKE-
CTBa, pPACCMOTPEHHON B MPEIBIIYIIEM JIOKIa/ie aBTOPOB, PEIIAIOTCS JIBE HETPUBHANBHBIC MO3aaauu. [lepBas
rmoJ3ajjaya perraercs A ONpeeNiecHUs MOTCHIMATbHON ONTHMALHOCTH allbTEPHATHBBI M 3aKJIIOYACTCA B
orpeneneHnn e€ npuHaanexxHoctu conve(Y) — I[lapemo-o6o10uke MHOXKeECTBA Y, TIOTy4aeMoil 00beAMHEHUEM
2" muoxectB ITapero Yp ist BceX BO3MOXKHBIX COYETAHUIN HAIPABICHUH OMTHMHU3AIMHI 71 KDUTEPUEB. 31eCh ¥ —
MHOXKECTBO BEKTOPHBIX OLIEHOK MHOXECTBa anbTepHaTUB X: y(X) = (fi(x), L(X), ..., fi(x)), x € X, y(x) € ¥,
| Y|=|X|=N. Torna BekTOpHAasl OLIEHKA NPEACTABISIET COOOM TOUKY B #-MEPHOM IPOCTPAHCTBE (€CIU Bee f{(x) —
urciioBble, To Y < R"). Touku, Bxomsiue B convp(Y), MpHHAIEKAT MIOBEPXHOCTH Tena (He0Os3aTebHO BbI-
MyKJIOT0) MHHIMAJILHOTO 00beMa, 3aKJIF0UYaloNIero B cede MHOXKECTBO Y 1enukoM. B mpocrefinieM ciydae 3To
TEJIO TPECTaBIAET COO0M HEBBIMYKIIbI MHOTOTPAHHHK, BEPIIMHAMHI KOTOPOTO SBIISIOTCS TOYKH convp(Y).

Bropas nmomzanaya perraercs s onpeaeneHus tumna odoomaromelt GyHKIuu Fo(W; y) 1 BEKTOpa Beco-
BBIX KOA((QUITMESHTOB W, TPUMEHEHHE KOTOPBIX JEIacT allbTEPHATHRY Y ONITUMAIBHOM, U 3aKITFOUAETCS B OIpe-
JIeNTICHUH TIPUHAJISKHOCTH albTepHATUBEI conv,(Y) — TMHEHHON BEIMYKIIONH 000JI0UKe Y, KOTOpast MpencTaBis-
eT co00i BBRIMYKIJIBIIT MHOTOIpaHHUK MUHUMAJBHOTO 00beMa, oopamuisromuii Y. [Ipu aToM B 00e 000109KH Kak
MUHUMYM BXOAST BCE TOYKH Y.y, MMCIONIME HKCTPEMATbHOE 3HAUYCHHE XOTS OBl OJIHOW KOOPIHWHATHI:
Yex € convi(Y) N convp(Y) < Jj =1, ..., n: (f{x) = max.cx (f{x)) v f{x) = min.cx (f{x))), Kpome TOro,
conv,(Y) < convp(Y).

Toraa Bo3HHUKAET BOIIPOC, KaK BRIOPATH BEPIIUHEI M ONPEACTUTh TEOMETPUICSCKHIE TApaMETPhI STUX MHO-
TOTPaHHUKOB ¥ MOXKHO JIH UCTIOJIH30BATh UX ¥ METOJIbl aHATMTUYCCKON TE€OMETPHHY TSl ONPEeTICHIS TTOTCHITH-
ANBHON ONTHMANTBHOCTH aJIbTEPHATUBEI, THMAa 0000IIaromell QYHKIIMN U BEKTOpa BECOBHIX KO3((OUIIMEHTOB.
PaccMoTpeHno TaHHBIX BOITPOCOB U YJENSACTCS BHUMAaHHUE B JAHHOM CTaThe.

1. ®opmupoBanne I[lapero-00010uKu

ABTOpBI CUMTAIOT, 4TO TocTpoeHue llapero-obomoukn He MOXKET OBITh OCYLIECTBICHO AITOPUTMOM
MEHBLIEH CIIOKHOCTH, YeM COKPALICHHBIM.

1. st kaxkmoro u3 2" BApUAHTOB HAMPABJICHHN ONTUMHU3AIMK 7 KDUTEPUEB HYKHO PACCUUTATh MHOXKECTBO
Yp Ilapero-Touek myTeM ux MonapHoro cpaBHEHHs. BrrancnutenbHas CI0KHOCTh onpenenenus Muoxectsa [lapero
B XyJILEM CTydae, IPH HEOOXOIMMOCTH TIONHOIO MOMAPHOro cpaBHeHHus, cocTapiser n-N-(N—1)/2 ~ n-N°, rae
N=Y|. Oro npexmonaraer HeCPaBHUMOCTb BCEX MMEIOIMXCs Touek 1o [lapero, u B pe3ynbTHpyroliee MHOKECTBO
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Yp ipu 3TOM BoiinyT Bce N Touek. OmHako B 00LIEM Cllydae BO3MOXKHO COKpaIlleHHe Tepedopa: eclii OfHa TOYKa
JOMUHHpPYET HaJ APYroi, TO ZOMHHUPYEMYIO TOYKY MMEET CMBICI MCKIIOUMTh M3 AaybHeiimero nepedopa u He
WCIIONB30BaTh ISl CPABHEHUS C OCTAIBHBIMHU. TakuM 00pa3oM, B JIy4IlIeM CITydae BBIYUCIUTENbHAS CJIOKHOCTD CO-
craBut 7 (N-1) ~ n-N. IIpu 5TOM TOIBKO OHAa JOMUHHPYIOLIAsl albTEpPHATHBA OyIeT CPAaBHUBATHCS C OCTaJIbHBI-
M. [ MaKCHMAaIbHOTO COKpaIIeHHs PEKOMEHIyeTcsl HAUMHATD 1epe0op C TOUEK, BOIICAIINX B MHOXKECTBO {Yex},
T.€. UIMEIOIMX AKCTpeMalIbHbIC 3HAUEHHS XOTA OBl 110 OJJHON KOOpAWHATE.

2. O0beIMHUTH MHOXKECTBA Yp. BRIUNCIHUTENEHOM CIOXKHOCTBIO (N—1) 1 ~ n* N MOXKHO mpeHeOpedb.

Takum 006pa3oM, BEIYUCIUTENBHAS CIOKHOCTD IPEAIaraeMoro ajJropuTMa mocTpoeHus convp(Y) cocras-
nser B XymmeM ciydae 2" n- N, a B myumrem — 2" - n - N.

2. Onpez[e.ne}me MOTEHIIHAJILHOH ONTHMAJILHOCTH AJIbTCPHATUBbI

Yrobsl HEKOTOpast ajdbTepHATHBA 00J1aaia MOTCHIIMATBHOW ONMTHMAIBLHOCTRIO, OHA JOMDKHA MPHHAIIC-
xatb [lapero-obomouke convp(Y), T.e. HAXOAUTHCA TUOO B OJHOIN M3 BEPINWH, JINOO JISKATh HA OJHON U3 €€
rpaHeil. B mepBoM ciydae onpeencHHe ONTHMATbHOCTH TPUBHAIBHO W 3aKJIFOUACTCS B TMOCIEAOBATEILHOM
CPaBHEHHHU TOUYKH C BEpIIMHAMH, (GOPMUPYIOIUME 0007104Ky. BO BTOpOM ciiydae clieayer OnpeaenuTh ypaB-
HEHHE KXKA0HM rpaHu (THUMEPIIIOCKOCTH) M, TOACTABIIAS KOOPIWHATHI TOYKH, BBISCHHTDH, YIOBICTBOPSIOT JTH
OHHU OTHOMY M3 HUX. 3aj[aya OCIOKHACTCSA TEM, UTO He Kaxpie 7 Touek convp(Y) GopMupyror eé rpaHb u He
KaXK1ast rpaHb JIOKUT TOJNBKO C OJJHON CTOPOHBI MHOTOTPaHHUKA, TaK KaK OH HEBBIMYKIBINA. [T0aTOMY aaroput-
MHUYECKH MPOIIIe BO BpeMs: (HOPpMHUPOBaHUS MHOTOIpaHHUKa [lapeTo He HCKITIoYaTh U3 MHOXECTBA BEPIIUH TOU-
KM, JISKAIie TOYHO Ha TpaHsx. B aToM ciydae oba BapuaHTa ONpe/e/icHHs TOTCHIIUATBHOW ONTHMAIbHOCTH
CBOJISITCS K OJJHOKpATHOMY Tepe0opy BepiinH convp(Y).

3. ®opMupoBaHUe JIMHEHHON BBIMYKI0i 0007109KHN

JAnst mocTpoeHHs BBITYKIIOH JHHEHO# 000noukn conv.(Y) B IByMEpHOM MPOCTPaHCTBE HCIIOIB3YIOT all-
roput™ ['paxema, Yana u [[kapBuca (anroput™m «3aBopaunBaHHs NoAapKa») U ux moaupukamuu [1, 2], HO B
MpocTpaHCTBax OoJiee BBICOKOH pa3MEpHOCTH OHM HENPUMEHHMMBL. B nuTepartype OTCYTCTBYIOT OMHMCaHUS
0000IIIeH ST AITOPUTMOB TTIOUCKA BBIMYKIIBIX 000I04eK Juist ciy4ast R mipu n > 2.

Ecnu Ob1 3apanee He Obia moctpoena obomouka [lapero convp(Y), To, mockoneky conv(Y) siBisercs
MHUHHUMaJIbHBIM BBIMTYKJIBIM MHOT'OTPAaHHHKOM, COAEPKalIUM Y, AJISl €ro MOMCKa CliefoBasio Obl mepedpaTh Bce
THIEPIIOCKOCTH, TPOXOSIINE Yepes3 77 TOUEK U3 Y, T.e. coueranus no n Touek u3 Y. [Tocie BeiOopa ouepenHoi
n-Kd TOYeK U3 Y HE0OXOIUMO MPOBEPUTH KAXKIYIO U3 OCTaBIIUXCS N — 71 TOYEK Ha TO, C KAKOW CTOPOHBI OT BBI-
OpaHHOM TMIIEPINIOCKOCTH OHA HAaXoAWTCS. Ecnu mis Tekymiel runepriiockocT Bce TOYKH Y HAXOmATCs C Of-
HOW CTOpOHBI, TO oOpasylomas e¢ #n-Ka ToueK BXOAUT B convi(Y). BzanmHoe monokeHue THIEpIIIOCKOCTH,
MPOXOASIIEH uepe3 n To4ek, U n + 1-if onpenensercs 3HaKoM ONpEAeUTeNs A-TO MOpPsIIKa, TOCTPOSHHOTO U3
pasHocTelt 3Tux n + 1 Touek. Ecnu Bce mpoBepsieMble N — 1 TOUEK PACHOIOXKEHBI C OIHOW CTOPOHBI OT pac-
CMaTpHUBAaEMOl THTIEPIUIOCKOCTH, TO ATH ONpPeNeTUTeNN UMEIOT OJUHAKOBBIN 3HaK. Ecnu ke s n + 1-if Touku
3TOT onpeAenuTenb paseH 0, TO 5TO 03HAYAeT, YTO OHA JISKUT B ATOH ke TurepruiockocTu. [Ipu sToM B camom
XyJIEeM cilydae Julsl IoCTpoeHus conv;(Y) HeoOX0MMMO BEIYUCIUTE C), - (N —n) ONpeenuTenei nopsaka n, a

CIIOKHOCTD BBIUMCIICHHS KaXKIOr0 OMPEIeIUTeNs ~ 1.

[TosTomMy mist mocTpoenust conv.(Y) mpeanaraercs aaropuT™M COKPAIEHHOro Iepedopa BepIIMH MHOTO-
rpaHHuKa convp(Y), HCIIONB3YIOMUN TOT (hakT, uto conv.(Y) < convp(Y).

1. JTns xaxaoro u3 2" BapuaHTOB HAIPaBICHUH ONTUMU3ALMY f(xX) — {min, max}, j=1, ...,

a. Beibupaercs n Touek u3 convp(Y), IMEIOLINX 3KCTpEMaIbHbIC 3HAUEHUSI XOTs ObI TI0 OTHOMY KPUTEPHUIO, U
CTPOHTCS THIIEPILIOCKOCTh L, mpoxopsmias uyepe3 Hux. CiokHocTs — n- (N+n”) ~ n’. Kybuueckas KOMIIOHEHTa
TOSIBISIETCSL B CBSI3M ¢ HEOOXOMMOCTBIO BBIYUCIICHHS ONPEACUTENS ISl TOCTPOCHHS THITEPIIOCKOCTH.

b. Beibupaercs (i popMupyercsi HCKYCCTBEHHO) «IPEACTbHA» TOUKA Yeyyr, UIMEIOIIAS SKCTPEMAIbHBIC
3HAYEHHUs 10 BCEM f{(X), U ompenensercs e€ OpueHTUPOBaHHOE paccTosHue d 1o runepmiaockoctu L [3]. Cnox-
HOCTh — n*(N+1)~N-n.
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«
c. [Tyrem nepebopa dopMupyercs MHOXKECTBO TodeK Y < convp(Y), OpueHTHpOBaHHOE PACCTOSHUE OT
KOTOPBIX JI0 THUIEPIUIOCKOCTH UMEET TOT K€ 3HAK, 4TO d, a OCTalIbHbIC 0TOpachiBarOTCs. CIIOXKHOCTE — N - 7.
d. MuOxecTBOY, C Y hopMHpyeTcst MmyTeM MOBTOPEHHs MYHKTOB ¢—C JUTS BCeX HaGOPOB IO 71 TOUEK U3 Y .

Ecm |Y |<n+1,10Y, =Y. CnoxsocTs B Xy/meM ciydae cocTapiser C v -(”+N-n), a B myamem — 0.

2. lns nonydenus conv,(Y) MHOXKecTBa Y, 00beIUHSIOTCS. BBIUMCIUTEIBHON CIOKHOCTBIO MOXKHO TIpe-
HeOpeyb.
[Momyyaercs, 4TO BBIYMCIUTEIBHAS CIOKHOCTh MPELIaraeMoro ajqropurMa noctpoeHus convy(Y) B xya-

2
mem ciaydae cocrapisier 2" Cy -n- (n”+N), a B myumem — 2" - n - (n*+N).

4. Ilonck BeKkTOpPa BeCOBBIX KOI(PGUINEHTOB, 00eceYNBAIOIINX ONTHMAIBHOCTD AJTbTEPHATHBBI

Jis anmuTUBHON ¥ MYyJBTHUIUIMKATUBHOM 00001Maromux (GpyHKIMi, Kak MoKa3aHO B NpeAbLIyIIel pabo-
Te, 3aJja4a ONpPE/CIICHUsT BEKTOpa BECOBBIX KOA((HUIIMEHTOB BKIIIOYAET B CEOsl MOMCK BEKTOpA, MEPIICHIUKY-
JISIPHOT'O TUTIIEPIIOCKOCTH, siBIsttoLIeiicst rpanbio conv(Y) umu conv(In(Y)).

W3BECTHO, YTO BCSIKast TUIIEPIUIOCKOCT B R” TPOXOIUT yepes n Touek [3]. YpaBHEHHE THIIEPIIOCKOCTH
onpexaenserca kak Cy-y; + ... + C,-y, + D=0, e Cy, ..., C, — KOOpAUHATHI HOPMAJI JAHHON TUIEPIIIOCKOCTH.

) T
C npyroi cTOpOHBI, THIIEPIIIOCKOCTD TaK)K€ OMHMCHIBAETCS YpaBHEHNEM ‘(y —a, - a_ - 31) ‘ =0, raea, ... a,

— TOYKH, BXOJSIINE B TUIMIEPILIOCKOCTh, a Y — MPOU3BOJIbHAS TOYKA IMPOCTPAHCTBA, TOXKE HAXOAIIAsICS Ha TH-
MEPIIOCKOCTH. Pa3peruB 3To ypaBHEHNE OTHOCUTENLHO Y, HaiiaeM C|, ..., C,. Jlns aToro HeodxoauMo pasiio-
JKUTh YKA3aHHBIN OMPENETUTENb 10 IEPBOM CTPOKE:

y-a Y—a, o Yn T A1y
o= : : = —a) A+t —ay,) A4, =
Ay A |11 A1 Apln ~
=1 'Al,l +...+y, 'Al,n _(al,l 'Al,l +...ta, ~A1,n):0.

CrnenoBaTenbHO, anredpanyeckue JOMOTHEHHS MEPBOM CTPOKH U €CTh KOMIIOHEHTHl HOPMaJIBHOT'O BEK-
Topa. [Ipr 5TOM OHU BBIYMCISIIOTCS Yepe3 KOOPAWHATHI TOYEK aj, ..., a,.;. Janee oOpaTumM BHUMaHHE, 4TO Y
BCSAKOM THUIIEPIIIIOCKOCTH CYILIECTBYET HE OAMH HOPMAJbHBII BEKTOP, a LIENI0€ CEMENCTBO BEKTOPOB, 3a/1aBaEMOE
BBIpaKeHHEM o.-n, Tae o # 0, a n — m000i U3 BEKTOPOB, MEPIECHANKYISPHBIA TUIIEPIUIOCKOCTH (Hampumep,
BEKTOp ¢ koopauHatamu (A, ..., A1,), Kak IoKa3aHO Bbille). OAHAKO Ul NPABUIBHOIO ONpPEAEICHHS
HaIpaBJICHUs, BaKHOTO JAJS ONpPENCTECHUS HalpaBiIeHUN ONTUMH3AIMM, HAC WHTEPECYET HE BCAKHUM BEKTOD,
HOPMaJIbHBIM K YKa3aHHOW T'paHH, a TOJNBKO TAKOW, KOTOPBIH BBIXOAMJ Obl M3HYTPH MHOTOIPAaHHHKA HapYXy
MIEPIIEHANKYIISIPHO K YKa3aHHOM IJIOCKOCTH.

Takum 00pazom, BCTAIOT JBE 3aauu: 1) HAHTHU TOUKY Yo, MPUHAIICKAIIYIO BHYTPEHHOCTH MHOTOTpaH-
HUKa; 2) HAUTH TOYKY Y,, IPUHAIIEKALIYIO YKa3aHHON TPaHH, TaKyt0, 4YTO BEKTOP (Y; — Yo) ObLI Obl EpreHIu-
KynsipeH Tpand. [lepByio 4acTh 3agayil MOXKHO PELIMTH OBYMS CIIOCOOaMHU: ecli MHOKecTBO Y \ conv.(Y) He
MyCTO, B KAYECTBE Yo MOXHO B3STh JIIOOYIO TOUKY U3 Hero. B mpoTHBHOM ciiydae B Ka4eCTBE Yo MOKHO B3STh
TOYKY, SIBJISIOLIYIOCS apu(pMETHIECKIM CPEIHUM BCeX ToueK U3 convy(Y): B CHily BBITYKJIOCTH MHOTOTPaHHUKA
OHa Oyzer Bcerja NPHHAANIEKATh €r0 BHYTPEHHOCTH. I HaXOXKAEHHUS TOUKU Y, HY)KHO PELIMTh CUCTEMY
ypaBHEHUH (IIOMCK TOYKH TEPECEUCHUS MPSIMON M TUIIEPILIOCKOCTH, IPY YCIOBUH YTO MpsMas 3aJaHa B mmapa-
MeTpruyecKoi GpopmMe, a ee HaPaBJISIIOIINKA BEKTOP SBJSIETCS HOPMAJIBHBIM BEKTOPOM THIIEPIIIOCKOCTH):

Y1 = Vor +A1,1 1,

ygn =y0n +Al,n 't’
(AL 4+ A )t —=(4,-a,++4,-a,)=0.

31€Ch Vgl, ..., Ygn — KOOPAUHATBI HICKOMOI TOUKHU Yg; Vol, - .., Yon — KOOPIAUHATEI BHYTPEHHEH TOUKH Yo; 11, - ..,
a1, — KOOpJMHATHl TOYKH A, ABJSIOIIENCA BEpIIMHON rpanu. Yucna 4, 4, ..., 41, — KOOpAUHATE HOPMAJIBLHOIO

19



BEKTOpa UIIEPIUIOCKOCTH, HalieHHbIe Bbile. Haiing uucio ¢, HalijeM 1 KOOpAUHATEI UCKOMOM TOYKH Y,, @ BbI-
YUTaHUEM (Y, — Yo) HailleM HCKOMBII BEKTOD.

OpHako BCsKas BepIIMHA MHOTOTPaHHHMKA MPHHAUISKHUT OXHOBPEMEHHO k > 1 rumepruiockoctsM. [lo-
ATOMY €CJIM HaC UHTEPECYET TaKOi BEKTOP W, KOTOPBIH JOCTABIISIET ATOM TOYKE HanOOJbIllee 3HAYCHUE, TO 3TOT
BEKTOp JOJDKEH HaXOJUThCS BO BHYTPEHHOCTH KOHYCa, 00pPa30BaHHOTO HOPMAJIbHBIMU BEKTOPAaMU 3THUX TH-
nepriockocTeid. Ho Toraa w omkeH MpencTaBisaThes Kak UX BBITYKIIas KoMOMHaIws. B mpocreiimem ciydae
OyneM OpaTb cpefHUil BEKTOp, T.€. MUl k TpaHeH W = (W g + ... T W) / k. Tem cambIM MBI MOkeM nepeiitu
OT CHUCTEM HEPABEHCTB K YpPaBHCHHSIM, HMIYIIMM JJIs KaXKI0H THIEPILIOCKOCTH HOPMAJIBHBIA BEKTOpP, a 3Has
JUTS TOYKY, B KaKUE TPaHU OHA BXOJUT, 00pa30BaTh U3 HUX KOHYC H B3ATh «CPEIHUN» BHYTPEHHUH BEKTOP-Tyd
ATOrO KOHYCAa.

3akjIoueHne

B pabote mokazaHo, 4To 3a/1a4a MOMCKa BEKTOPa BECOBBIX KO3(PPHULIMEHTOB W, ONTUMHU3UPYIOLIETO YKa-
3aHHYIO ajJbTEPHATHBY MO 3HAYCHUIO aJAJUTHBHONW WM MYJIBTUIUIMKATHBHOW obOoOmatomeil GyHkuuu (Ipu
YCIIOBUHU €€ MPHHAISKHOCTH MapeTOBCKON MM JWHEHHOH 000I0YKEe MHOXECTBA), aTOPUTMHUYECKH paspe-
mmMa. Kpome Toro, npuBeneHs! alnropuTMbl, TT03BOJISIOIINE TOCTPOUTH 3TH 000IOYKH AJISl IPOU3BOIEHOIO KO-
HEYHOro MHOXeCTBa B R” adphekTHBHEE, YeM MONHBIM TIEpPeOOpOM.
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There are two non-trivial tasks in the considered in the previous paper algorithm of checking if some object is optimal. First task is
about potential ability for an object to be optimal. It solves by checking if an object belongs to convp(Y) — Pareto-envelope of Y set,
obtained as a union of 2" Pareto-sets Yp for all combinations of directions for n criteria. Second task is about to determine the type of
aggregative function and weight vector which make an object optimal. It contains the checking if an object belongs conv,(Y) — linear
convex envelope Y. Here Y is a set of vectors which characterizes the set of objects X: y(x) = (f1(x), f2(X), ..., fu(X)), x € X, y(x) € Y. Any
vector is a point in n-dimensional space R", and envelopes convp(Y) and conv;(Y) are the general form polytope and the convex
polytope, framing Y. Both of polytopes contains at least all points y. having extreme value of at least one of coordinates:
Yex € convy(Y) Nconvp(Y) <& Jj =1, ..., n:i(f(x) = max oy (f(x)) v f{(x) =min .y (f(x))). And also conv,(¥) = convy(Y). We declare
then the Pareto envelope cannot be found with an algorithm less complex then reduced search:

1. Calculating the Pareto set for any of 2" combinations of directions of n criteria using the pairwise comparisons. The
computational complexity of calculating the Pareto set is n-N-(N-1)/2 ~ n-N* at worse case, N = | Y|. That worse case is if all objects
are Pareto incomparable. In that case, all N objects will be in Pareto set Y». However, in general, there is a possibility of reducing the
calculating: if one object is dominated by another, we must exclude that dominated object from the further search. Therefore, in the best
case the computational complexity will be n-(N-1) ~ n-N. In this case, we have one best object, which we will compare with others.
We recommend to start with objects from the set {y..} in order to provide the maximal reducing.

2. Unioning of Yp. Computational complexity (N-1)-n ~ n-Nis less then above and it can be neglected.

So approximately computational complexity of convs(Y) construction algorithm is 2" - - N* at worse case and 2" - N at best case.
For linear convex envelope conv,(Y) construction in two-dimension space we can use the Graham scan and its modifications, but with
quantity of dimensions n>2 it is not applicable. Instead of Graham scan we consider the following reducing search algorithm using the
fact that conv,(Y) < convp(Y).

1. For all of 2" combination of directions f{(x) = {min, max},j =1, ..., n:
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a. Choose one object from convp(Y), having extreme value at least of one criteria and construct the hyperplane L passing through
them. The complexity is n- (N+#n°) ~ n’. The cubical component is from need to calculate the determinant for hyperplane construction.

b. Choose or form the new “limited” point y.y, having extreme values of all fi(x) with given combination of directions and calculate
the oriented distance d between it and the hyperplane. The complexityis n-(N+1) ~N-n.

¢. Form the Y'< convy(Y) from objects for which the oriented distance to hyperplane has the same sign that d, another neglected.
The complexity is N-n.

d. The set ¥, c Y forming by iterative repeating a—c for all sets of n points from Y. If | Y*| <n + 1, then ¥, = ¥". The complexity at

the worse case is CZ'\', : (n3 +N-n), and at the best — 0.
2. The envelope conv,(Y) is union of all ¥,. The complexity is less then above and can be neglected.
So approximately computational complexity of conv;(Y) constructing algorithm is 2"- CZ'\', ‘n-(n*+N) at the worse case and
2"-n-(n*+N) at the best.
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