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3ATATUBAHUE IMOTEPA YCTOMYUBOCTH
JIUISI CHHTYJISIPHO BO3SMYIIEHHBIX YPABHEHU
C HEITPEPBIBHBIMU ITPABBIMHU YACTAMUN

PaccMOTpeHO CHHIYIISIPHO BO3MYIIEHHOE YPABHEHUsI C HEMPEPHIBHBIMU NPABBIMU
YJacTAMH, A KOTOPHIX HE BBINOJHAETCS yCIOBHE YCTOMYMBOCTU TOUKH IOKOS
MPUCOEIVHEHHOTO YpAaBHEHMS] Ha pPacCMaTpUBAeMOM IpOMexyTke. Jlokas3aHa
TeopeMa CyIeCTBOBAHMS U €ANHCTBEHHOCTH pemenus. [IpuBenen npumep.

KinoueBble ¢10Ba: CuHeYIAPHO G03MYUjeHHOE YPAGHEeHUe, GblpOodcOeHHoe Npu-
coeOuHeHHOe ypagHeHue, Mmoyka NOKos, YCMOUYUBOCMb U HEYCMOUYUBOCb MOY-
KU NOKO31, HenpepblgHble GYHKYUU.

IycTs paccMaTpuBaeTcs 3a1a4a
e-x(t,e)= f(&t,x(t,)); )
x(ty,8) = x°, 2)
rie 0<g<g, — Mamsii mapamerp; x° — const; ¢ €[t,,T], [£),T] — oTpesox neiicTau-

TeNnbHOM ocu, 1y <T .

VYpaBHenust Buza (1) Ha3pIBAlOTCS CHHTYJSIPHO BO3MYIICHHBIMH YPaBHCHHSMHU
[1, 2]. Cuctemsl ypaBHEeHHI ropa3no Ooiree 00IIero BUaa UCCICAOBAaHHI B [2].

LentpanpHOl MPOOIEMO B TEOPHUH CHHTYJISIPHO BO3MYIICHHBIX YPaBHEHHUH SBIISA-
eTcsl OJIM30CTh PELIeHUs] pacCMaTPUBAEMOH 3a/1auH, €CIIM OHa CYIIECTBYET, K PEIICHUIO
BBIPOKAEHHOTO ypaBHeHus, (koTopas noiaydaercs u3 (1) mpu €=0), T.e.

£(0,6,%(¢))=0. 3)
Ipemosnoxkum, 4To ypaBHeHue (3) HMeeT H30IupoBaHHoe pemenne X(¢) = ¢(z) [2].

B [2] nannast 3ama4a perieHa B TEPMUHAX MPUCOSTUHEHHOW CHCTEMBI.
s (1) mpricoeTMHEHHBIM ypaBHEHUEM Oy IeT

dff:) = £(0.0.()). 4

rae 0 <T<+00, { paccMaTpuBaeTCs Kak mapametp u ¢ € [7,,7].

[Ipu pelreHny JaHHOW POOIEMbI OTHUM U3 OCHOBHBIX YCIIOBHI SBISIETCS YCTOHYH-
BOCTb TOUKHU 1oK0st st (4). Eciu yuects (3), To (1) = @(¢) Oyaer TouKoit OKos st
.

B [1] uccnenoBaHbl CHHTYJISIPHO BO3MYIIEHHBIE YPAaBHEHHS NIPH HApYLIEHUH AaHHO-
ro ycinoBus. [Ipu 3Tom 3amayda penreHa ajsi YpaBHEHUI C aHAIUTHYECKUMH IPaBBIMU
YacTsIMU B HEKOTOpoit oosactn H < C — KOMITJIEKCHasI TUIOCKOCTb.

B nmanHOIT paboTe paccMaTpuBaeTCs 3a1a4da

e-x(t,e)=A(t) -x(t,6)+e-g(t,x(,€)); (5)

x(tg.8) =x°, (6)
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rie 0<g<g, — mansii napametp; x’ — const; ¢ €[t,,T], [t,,T] — oTpe3ok neiicTBu-
TENBHOM ocH, {) <T , X — cKap.
Ot mpaBbIxX 9acTeil ypaBHEHHS (5) MOTpeOyeM BBIIOTHEHUS CISIYIOINX yCIOBUH:
UlI. L A(@) <0, t, <t<Ty; MT,)=0;
Mt)>0, Ty <t<T; Mt)eCt,,T],

rae C[t),T] — MHOXeCTBO HeNpePhIBHBIX QYHKIMI Ha IpoMexyTKe [7,,7].

t
2. F(0)= [ Ms)ds . F()<0,
l
npu t, <t <T ,mpuuem F())=0u F(T)<0.
UIL. V(t,x)e Q={(t,x)|t, <t <T,|x| <8}, 0<38— HexoTOpasi IOCTOSHHas:
1. |x0|38;
2. 9(1,0)=0

3. |g(t, X)— g(t,§)| <M |)"c - >:c| ,rae 0 < M — HekoTopasi MOCTOSIHHASL.

Pemenne 3amaun x(¢,€) GyaeM HCKaThb B KIacce C! [to , T ] — MPOCTPAHCTBE PYHK-

1, IMEFOIIMX HENpPEepPBIBHBIE TPOU3BOIHBIE TIEPBOTO MOPSIKA MO £ .
IIpu € =0 u3 ypaBHEHU (5) MOIXyINM BBIPOXKIECHHOE YPaBHEHHE

r(1)-X(t)=0,
KOoTOpOe uMeeT pemenue X (1)=0.
[IpucoenuHenHoe ypaBHEHHE

%:%(t)&(m),

rae { — paccMaTpuBaeTcs Kak mapamerp; o >0, umeer Touky mokosi X =0, koTtopas
ycroituuBa pu ¢ € [1,,T,) u Heycroitausa npu ¢ € (7, 7] .

IMocranoBka 3anaum. lccrenoBaTh acHMNTOTHYECKOE MOBEACHHE pEIICHMS
x(t,€), ecan oHO cymiecTByeT, ipu € — 0 Ha BceM IpoMexyTke [f,,7].

AHanoruusbele 3amayu paccMorpeHsl B [1]. Ilpu 3TOM mocTaBiieHHBIE 3aJauu
pemnieHsl B HeKoTopoi obrmactm H — C — KOMIUIEKCHAs IUIOCKOCTh. Ilpuuem mpasble
YacTH SIBJISIIOTCS aHATUTUYECKUMHU 110 BCEM TEPEMEHHBIM, 332 MCKJIIOUEHHEM €, €CIH
OHa BXOIWT B TMPaByI0 4acTh. B maHHO# paboTe oT mpaBhIX yacTeil Tpedyercs TOIBKO
BeimonHuMocTs U.I, UL, T.e. He TpeOyeTcs aHaTUTUIHOCTD MPABbIX YacTeH.

Teopema. [Tycts Bemmonuenst yexosust U.L, U.IL. Torma x(¢,€) — perueHne 3amaqu
(5), (6) cymecTByeT, ETUHCTBEHHO U JIJISl HETO CIIpaBeINBa OIICHKA

1
—F(6)+M (t=ty)
|x(t,s)| < |x0|eg ) (7
Hokazamenvcmeo. 3anauy (5), (6) 3aMeHHM CJIeIYIONIIM HUHTETPaIbHBIM ypaBHE-
HUCM:
1

1
R & S[RO-F®)
x(1,) =x"et +.|.e8 e

g(rx(t.e)dt, ®)

ly
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t
e F (1) = jx(s)ds .
ly
U3 yenosus A(t) € C[t,,T] cnenyer, uto Fi(t) e C'[t,,T].
Jna nmoxasatenbcTBa CyNISCTBOBAaHMS peIIEHUS ypaBHEHHS (8) MPUMEHHM METOJ
TIOCJIE/I0BATENLHBIX TPHOJIMIKEHHH.
[MocnenoBarenbHbIe MPUOIMKEHUS ONIPENETIHM CIIETYIONIMM 00pa3oM:
X,(t,€)=0,
1

Oe;

x,(te)=x g(t,x,,_(t,€))dr. )

Ao b YR0-FE©)]
+.|.e8

ly

IIpoBenem omeHKY MOCIeNOBaTENBHBIX MpuOMmKeHni (9). JlokazareapcTBO IpoBe-
JIeM, TIPUMEHSISI METOJ] MaTeMaTHIeCKOH HHIYKIINH.
JlokxaxxeM cIipaBeAJIMBOCTb CIAEAYIOLIEH OLEHKHU:

Mm? M :
I, | <[5l 1+ Mt —t)+——(t 1)+t —— (1) |. (10)
2! (m—1)!
IIpenmonoras, uro BepHo (10), mokaxem (#,x,)€ . 11 3TOro paccMOTPHM

cJIeayromuye ciiyvdaun:

g’ g’
D) ty<t<ty+— m 2)t,+—=<t<T,
) % Y ) % v

T7ie Y — IPOW3BOJIbHAS IIOCTOSHHAA, He 3aBHUcAMmast oT € 1 0 <y <1.

gl
IIycth )¢t <t<t,+—.
Y ) o Uy

W3 (10), yaursBas U.IL.1, nmeem

1
-F
|, | <[ € C70) < x| e £|x1|S|x0 et 0 S|x0|38.

.
[lycts 2) to+%£t£T,Toraa F(1)<0,

LRy b (T19) A(reM(T~)
CIIeTIOBATENBHO, e® —>0 npu € >0, .1.e. e € <.

YuureiBas 310, u3 (10) moxyanm

1
LR@em () |
: <[l

|xm| < |x1|eM(’_t°) < |x1|eM(T_’°) = |x0|e <3.
Takum o6pasom, eciu BepHo (10), To (7,x,,) € Q.
Iepexoanm k gokazatenscTBy (10).
Iycts onenka (10) BepHa npu m =k :
x| < o || 1+ M (21 )+M—2(t—t )+t i (t—t)"" (11)
K= O Y T ey )

npudeM (,x,) Q.
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JlokaxxeM CIpaBeNIMBOCTh OLEHKY Ut m =k +1.
U3 (9) umeem

a1 YR@0-F)
+J‘eE

bl < 1] e

lg (T, x; )| dz.
)

Taxk kaK (,x; ) € ), TO BBINOIHSICTCS HEPABEHCTBO

(v, )| < Mx, (v.8)].

Takum 00pazom,
t 1
|31 (£,8)] < |x1|+MJ.e8

)

F(t)-F(t
[A()-F( )]|Xk (n.e)|d (12)

Hcnone3zyst onenky (11), u3 (12) momyunm

t 1
A (0)-F(7)]
|xk+1(r,s)|s|x1|+MJ.eﬁ o

ty

k p
(o) Y (1) .
p=0 p'

OTCIOH&, HCIOJIb3YS OLUCHKY

I
1k
i (r.e) = |x0 et I(T),

HMeeM
1 k arp
| (T, 8)|<|x1|+MJ. o |38FI(T)ZM_,(T_%)I] dt=
% p=0 P:
:|x1|+M|x0 _[Z—(r—to)pdr—
to P=0 !
k Mpf B k p+1
=|x1|+M|x1|Z—,I(f—to)p dr:|x1| Z , —1p)""
T ST
WIn
k p+l +]' k1 r
e | < x| 1+ (p+ 1),( —1y)" |x1|Z ’_’0)p~
p=0 i !

[MonyueHHas olleHKa MOKa3bIBAET CIIPABETUBOCTD oneHku (10) mpu m =k +1.
M (t—t,
U3 (10) cienyer , uto Vi €[t),T|AVme N :|x,,| <|x|e (t=ho)
Tenepb JOKaXeM CXOXMMOCTb TOCIEOBATENBHOCTH {X,, } . JUist 9TOTO X,, TpeicTa-

BHUM B BUJIE
X, =X+ (0 =)+ =X+ (X, —Xx,_) -

Iycts x,(t,6)=0.

—F (1)
I[Ipu m =1 umeem |xl| = |x0 et . Tak xak, Vke N : (t,xk ) € (), TO BBIMIOJTHSACTCS

ycnosue U.IL3.
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Hanee, yanuteiBast U.IL.3., momyuum

t 1

— €
|x, — x| < .fe

)

[A(O-F (D)

] o] LR
|g(r,x1)—g(r,0)|d‘tSM|x et (t—ty)=|x|M(t-1,).

is (t—t )k—l
[lycTh |xk —xk_l| < |xl|?l)0!

s m =k +1 umeem
t 1
|xk+1 _xkl = _I.e(G
ly

F(t)-F(t
O () - gty ) d<

t 1 ! k-1 k-1
—[F(t)-F(x “[F(1)-F(t M —t
SMJ.eS[ 1(1)-F( )]|Xk —xk_lldTSMjeg[ 1(1)-Fi(7)] |x1| (’E 0) =
: , (k—1)!
0 0
MY | o) R0 | - M* "
=(k_1)!|x e J(t—to) dv=y|=—(t-1,)"
0

Takum 00pazom,

e, | <o+ [y =2 [+ oy =y [+ [, =, <

M*(t—1,) M"(t—t,)"
<o 101y [P P (13)
£|xl|(l+M(t—t0)+...+uJ.
m:

U3 (13) cnenyer, uto {x,, (#,€)} cxoaurcs K HekoTopoil PyHKuMK x(7,€), KOTOpast
SBIISICTCA PEUICHUEM ypaBHEHUS (8§).
Ecnu yuects (10), TO A7l 5TOTO PEUICHHS OTYYUM OLEHKY

|x(t,8)| < |xl|eM(T_t0) )

Takum o0Opa3omM, orenka (7) noka3aHa.

JlokakeM eIMHCTBEHHOCTh PEIeHUSI.

JomycTum, 49to CymectByer apyroe peurenue y(f,&) 3samauu (5), (6). IIpuuem
(t,y(t,e))eQy.

Torna 3To penieHre MOXKHO MPEICTABUTH B CIETYIOLIEM BHE:

1 t

1
—F(1) —[F()-F(1)
y(t,e)=x"¢  + Ies[ ’ ]g(t,y(t,s))dt .
lo
Cnenys [3], umeem
t 1
~(F(O)-F (7))
=A< e e (nx,n) - g (ny) dr, (14)

)
1
o SF %
rae x,,(¢t,e)=x et +'[e

lo

1
—[F()-F(7)
S[ ' ]g(‘t,xm_l (t,e))dt.
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Tak xak Vme N:(t,x,)eQ u (t,y)€Q, 1o Bbmonusiercs U.IL3. Vuursas

ckazanHoe, u3 (14) mpu m = 1,2 nmeem

(F(t) F(f))
lg(z, y)|dt<J. M|yldt <

) )

(Fl(t) A

L Ew-F@)
RS f

®) L)
< MJ. M) |x |dT <MeM ) |x0 et

ly

o, =< [er lg(t.x)-2(x, y)ldT<feg

) )

(t—1y);

(Fl(t) F (1) R(-F (1)

M |x, —yldt <

LR (1-1,)

gMJ‘ (Fl(t) FI(T)) M(T—t, )| A (T—to)dTSMZeM(T_t0)|x0|€E

21
fo
IIpennonoxum, 4To
MmeM(T—tO) =t )"
[, =¥ <[] ,( o) (15)
m!
st |xerl —y| , yautsiBas (15), u3 (14) umeem
[ (0-F(7)] [A(D-F(7)]
01 = y|<f T g () g y)ldf<f T My, - ydes

lo lo

0) dt=

t m M(T—ty) (.
Mo A ©)- ()]lelM e (-1,

m!
)

Mm+leM(T7t0)

<
m!

Takum obpazom, (15) BepHa mig moboro me N. U3 (15) npu m — o umeem
|x - y| <0.
U3 sToro cienyer, 4to X = y . EAMHCTBEHHOCTH pEIICHUS I0Ka3aHa.

Mm+leM(T—t0) (t — 1, )m+l
(m+1)!

1 t
esﬂ(t)j(f—fo)m dr =|x|
)

TeopeMa JOKa3aHa IIOJTHOCTBIO.

[pusenem npumep: A(t) =1, te{—l,%},
1, 1. 3
FO)=—@t"-1), FK-D=0, F(=)=--<0.
0=z -=D,  AED 1G5)=—3
g(t,x)= a(t)%l, roe Vit e[—l,%} :a(t) — MpOM3BONbHAS MOHOTOHHO BO3-
x©+

pacrarowas QyHkuwst, npudeM |a(f)| < M; Q= {(t x)|t e[ 1} |x| < 1}

Jns nanHOTO pumepa BeinoaHsAoTes yenoBus Ul u U.IL
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Taliev A. A. STABILITY LOSS PROTRACTION FOR SINGULARLY PERTURBED EQUA-
TIONS WITH CONTINUOUS RIGHT-HAND SIDES

Since the middle of the last century, mathematicians' attention was attracted by differential
equations with small parameters at highest derivatives. Such equations are called singularly
perturbed. The central problem in the theory of singularly perturbed equations is solving the
problem about the asymptotic proximity of solutions of singularly perturbed equations and
degenerate equation. First, this problem was solved by A.N. Tikhonov. In works by A.N.
Tikhonov, one of the conditions is the stability of the rest point. It is proved that under these
conditions (restrictions), there is a limit transition. The limit transition is not uniform over the
whole interval. In a vicinity of the point, there appears so-called boundary layer. In works by A.B.
Vasilyeva, solutions' asymptotic expansions by the small parameter of ordinary differential
equations were constructed. M.I. Imanaliev developed a method for expanding solutions of
singularly perturbed and integro-differential equations.The first work in which the stability
condition is violated and nevertheless there exists the transition limit is M.A. Shishkova’s work.
The phenomenon that is described in the works of M.A. Shishkova was called the loss stability
protraction. In those works, the posed problems were solved in the space of analytic functions,
i.e., right-hand sides of the equations were supposed to be analytic in a certain region of the
complex plane.

In this paper, we consider singularly perturbed equations with continuous right-hand sides
such that the stability condition for the rest point of the adjoint equation is not satisfied on the
considered interval. We prove the existence and uniqueness of the solution. The existence of the
solution is proved using the method of successive approximations. An example is presented.

Keywords: singularly perturbed equation, degenerate ajoint equation, rest point, stability and
instability of a rest point, continuous functions.
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