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THE SENSITIVITY COEFFICIENTS FOR DYNAMIC SYSTEMS DESCRIBED
BY DIFFERENCE EQUATIONS WITH THE DISTRIBUTED MEMORY
ON PHASE COORDINATES AND VARIABLE PARAMETERS

The variational method of calculation of sensitivity coefficients connecting first variation of quality functional with
variations of variable and constant parameters for multivariate non-linear dynamic systems described by difference
equations with the distributed memory on phase coordinates and variable parameters is developed. Sensitivity coeffi-
cients are components of sensitivity functional and they are before variations of variable and constant parameters.
The base of calculation are the decision of object equations in the forward direction of discrete time and corresponding
difference conjugate equations for Lagrange’s multipliers in the opposite direction of discrete time.
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For dynamic systems the problem of calculation of sensitivity coefficients (SC) is central at the analysis
and syntheses of control laws, optimization, identification, stability [1-16]. The first-order sensitivity charac-
teristics mostly are used. Later on we shall examine only SC of the first-order.

The sensitivity functional connects the first variation of quality functional with variations of variable
and constant parameters and the SC are components of vector gradient from quality functional according to
parameters.

Consider a vector output y(t) of dynamic object model under discrete time t [0,1,..., N +1] implicitly

depending on vector constant parameters o and additive functional I(c) constructed on a basis of y(t) un-

der t€[0,1,...,N +1] and on a basis of parameters o :
N+1

1(0) = fo(y(t),aut).
t=0
SC with respect to constant parameters o are called a gradient from I(a) on o:
(dI(a)/da)" =V 1 (a). SC are a coefficients of single-line relationship between the first variation of func-
tional 8,1 (o) and the variations o of constant parameters do. :

5, 1(0) =(V, (o)) d o= D g = § D g,
o

j=1 aoc

The direct method of SC calculation inevitably requires a solution of cumbersome sensitivity equations
to sensitivity functions W (t) . For instance, for functional I (o) we have following SC vector (row vector):

dl(oc) i{af (ay(t(z)oc D W+ afo(ya(g,a,t)} |

W (t) is the matrix of single-llne relationship of the first variation of dynamic model output with parameter
variations: 8y(t) =W (t)da . For obtaining the matrix W (t) it is necessary to decide bulky system equations —
sensitivity equations. The j-th column of matrix W(t) is made of the sensitivity functions dy(t)/do; with

respect to component o ; of vector o . They satisfy a vector equation (if y is a vector) resulting from

dynamic model (for Yy ) by derivation on a parameter a.;.
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For variable parameters such method essentially becomes complicated and practically is not appli-
cable.

Application of the variation approach allows fundamentally to simplify process of calculation of SC
concerning variable and constant parameters. To this problem it is devoted given paper for the dynamic
systems described by difference equations with distributed memory on phase coordinates and variable
parameters.

Variational method [6], ascending to Lagrange’s, Hamilton’s, Euler’s memoirs, makes possible to
simplify the process of determination of conjugate equations and formulas of account of SC. On the basis
of this method it is an extension of quality functional by means of inclusion into it dynamic equations of
object by means of Lagrange’s multipliers and obtaining the first variation of extended functional on phase
coordinates of object and on interesting parameters. Dynamic equations for Lagrange’s multipliers are
obtained due to set equal to a zero (in the first variation of extended functional) the functions before the
variations of phase coordinates. Given simplification first variation of extended functional brings at presence
in the right part only parameter variations, i.e. it is got the sensitivity functional according to concerning
parameters.

In difference from other papers devoted to calculation of SC in given paper the generalized difference
models are used. Thus variables and constant parameters enter into the right parts of difference equations of
dynamic object, in an indicator of quality of system work, in the measuring device model and initial values
of phase coordinates depend on constant parameters.

At the right part of the equations of object model there are also phase coordinates and variable
parameters during the previous moments of time. Such discrete equations are similar numerical decisions
of the integrated Volterra’s equations.

It is proved that both methods to calculation of SC (either with use of Lagrange's functions or with use
of sensitivity functions) yield the same result, but the first method it is essential more simple in the computing
relation.

1. Problem statement

We suppose that the dynamic object is described by system of non-linear difference equations [13]

y(t+1)=> K(t,y(s).a(s),e,s), t=0,12 ..., N, y(0) = yo(a)- (1)

s=0
Here: a(t), o are a vector-columns of interesting variable and constant parameters; Y is a vector-column of

phase coordinates; K(-),y,(o) are known continuously differentiated limited vector-functions.
The quality of functioning of system it is characterised of functional

I(a, o) =i fo (y(t), a(t), o, t)+ fo (Y(N +2), (N +1),, N +1) (2)
t=0

depending on a(t) and o . The conditions for function f,(:), I1(-) are the same as for K(:). With use of
a functional (2) the optimization problem (in the theory of optimal control) are named as the Bolts’s problem.
From it as the individual variants follow: Lagrange’s problem (when there is only the first group of the
summands) and Mayer’s problem (when there is only the last summand — function from phase coordinates
at a finishing point).

With the purpose of simplification of appropriate deductions with preservation of a generality in all
transformations (1), (2) there are two vectors of parameters a(t),a . If in the equations (1), (2) parameters
are different then it is possible formally to unit them in two vectors a(t),o , to use obtained outcomes and
then to make appropriate simplifications, taking into account a structure of a vectors a(t), o .

Is shown also that the variation method without basic modifications allows to receive SC in relation to
variable and constant parameters:
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1ol (@, o) al(a oc)
Zol B0 da(t)+ P ©)

V.o l(@,a)= al@a) a'(d’“) t=0,12,....N,N+1
AT 8a, (t) 06, (1) | oS TS

V. 1(G.0) = [8I(ococ) al(a,a)JT'

oy ooy,

By obtaining of results the obvious designations:
K(t,s) = K(t, y(s),a(s),a,s), t=0,1,2,...,N;s=0,1, 2, ...t, 4)
fo(t) = fo(y(t),a(t),a,t), t=0,12,..., N+1
are used.
The indexes t,s in functions K(t, y(s),a(s),a,s) and t in functions f,(y(t), a(t), o, t) also reflects not

only obvious dependence on step number, but also that the kind of functions from a step to a step can change.
Let's receive the conjugate equations for calculation of Lagrange’s multipliers and on the basis of them
formulas for calculation of SC.

2. Conjugate equations

Complement a quality functional (2) by restrictions-equalities (1) by means of Lagrange’s multipliers
At), t=0,1, 2, ..., N+1 (column vectors) and get the extended functional

= 1(G0) + %xT(t+1)[—y(t+1>+ > K(t,s>}+>ﬁ(0)[—y(0)+ yo(@)] = ©)
t=0 =0

N t
= fo(N +1) ~AT(N +1)y(N +1) + [fo(t) AT OYO |+ 2 X AT+ DK Es) +2"(0)o () -
t=0s=0

Functional (5) complies with I (a, o) When (2) is fulfilled.
We consider equality

—

=N's

iiA(t,s):ZO:

t=0 s=0

[
p=4

-M

As t) . (6)

N t
For summand 3 3 AT(t+1)K(t,s) in formulas (5) the equality (6) assumes the following form:

t=0s=0
N t T t=N s=N T
YA (t+DK(Es) =Y > A (s+D)K(s,t).
t=0s=0 0 t
Extended functional becomes now:
I = fo(N+2) AT (N +1)y(N +1) + (7)

t=N s=N
+X {fo(t)—ﬂ(t)y(th > kT(s+1)K(s,t)}+kT(0)yo(oc)-
0 t

We calculate the first variation of extended functional, caused by a variation of phase coordinates, and
also a variation of variables and constant parameters:

N+1 N+1
ol = dy(t) + A 55 (t) + (8)
zay(t) Za (t)
The factors standing in the formula (8) before variations of phase coordinates look like:
L:—M(N +1)+M, 9)
oy(N +1) oy(N +1)
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ol

Aty ST e )aK(s 1), o(t)

=N,N-1,...,1,0.
oy(t) t oy(t) ay(t)
From equality to zero of these factors we receive the equations for Lagrange’s multipliers:
AT(N +1):M’ (10)
9y(N +1)
2T (1) = z AT s+ KED  H® N1 10
M) oy
These equations are decided in the opposite direction changes of an independent integer variable t .
3. Sensitivity coefficients
In the equation (6) SC concerning variables and constant parameters look like:
_ ol =af.9(N +1), (11)
aa(N +1)  da(N +1)
O _o® 5Ny +1)6K(S Dt ONN-L .10,

260 oam) ¥

ﬂszrtf[afo(t)+5£‘7LT(S+1)5K(S,'[)}+7LT(O) dyo(cx).
oo oa 0 o oo do

This result is more common in relation to appropriate results of monograph [13] and paper [16].
At reception SC (11) it was used extended functional (7).

4. Equivalence of sensitivity coefficient for initial (2) and extended (5) functionals

We take extended functional, presented in an initial part of the formula (5):
N t
I =1(&,0) + AT (0)[-y(0) + Yo ()] + AT (t +1)[—y(t +)+ Y K(t,s)} :
t=0 s=0

Before A" () in square brackets there are the dynamic equations of the object which has been written
down in the form of the equation of equality type. Hence, values of functions in square brackets are always
equal to zero.

Let's calculate from both parts of the previous equation derivatives in the beginning on a vector of
constant parameters o :

ﬂ=M+>»T(0)[—W(X(0)+M}+
oo oo da

T oK(t,s) oK(t,s)
+Zk (t+1){ -W, (t+1)+ Z[ ) W, (s)+ = H

Before A"() now there are sensitivity equations for a matrix of sensitivity functions. These equations are

written down as in the form of restriction of equality type. Values of functions in square brackets also are
always equal to zero.

Hence, SC rather both for initial functional and for its extended variant have identical values.

That the sensitivity equation had the specified appearance, it is necessary (1) to impose a condition of
differentiability of K(t,s) on phase coordinates and on considered parameters on the right member of equa-

tion of movement of dynamic object (1). On parameters o should be differentiated initial functions y,(a.) .

We receive the same result and for SC in relation to variable parameters. The sensitivity equations
of for each fixed value of argument of variable parameters a(j), j=0,,...,N +1 have more complex form.

They demand special consideration. Important that these sensitivity equations objectively exist.
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5. Example

Let's receive the conjugate equations and SC for dynamic object described by system of non-linear
ordinary difference equations [16]:
X(t+1) = f (x(t),at),o,t), t=0,1,..., N, x(0) =x,(a). (12)
The dynamic equation (12) coincides with the equation (1) in the absence of the distributed memory,
i.e.at s=t. Then it is necessary to replace y(t) on x(t) and
K(t,t)=f(t)= f(xt),a),at),t=01.., N,
fo(t) = fo(x(t), a(t), o, t), t=0,1,2, ..., N+1.
The conjugate equations for Lagrange’s multipliers look like:

AT(N +1)=—af°(N i)
X(N +1)
AT () =T+ T O, MO N1 o
ox(t)  ox(t)’
From (11) it is received SC:
ol of(N+1)
oa(N +1) oa(N +1)’
ol afo(t) AT+ 1)8f(t) t=N,N-1 ...,10,
2a(t) aa(t) dai(t)
o _g(N+D g{éfo(t) AT+ 1)8f(t)} kT(O)dXO(OL)
oo o t=0 da

6. The account of the measuring device model

At additional use of model of the measuring device it is necessary to make changes to problem
statement:
fo(t) = fo(m(t), a(t),ont), t=0,1,2,..., N+1;
nt) =n(y(t), a(t),o,t), t=0,1,2,..., N+1.
In the received results it is necessary to execute small replacements:

oyp(t) () on(t) .
0 to replace on ——= on() ay® ’
oy (1) oy (t) | ofg(t) on(t) |
Ja) to replace on da(t) + on(®) diD)
Ko (V) to replace on oo(®) + o (1) on(t) .
oo oo on(t) oo
Conclusion

Variational method is applicability for calculation of SC of multivariate non-linear dynamic systems
described by difference equations with the distributed memory on phase coordinates and variable parameters.
Variables and constant parameters are present at object model, at model of the measuring device and at
generalized quality functional for system (the Bolts's problem).

In a basis of calculation of SC the decision of the difference equations of object model in a forward
direction of time and obtained difference equations for Lagrange's multipliers in the opposite direction of time.
It is proved that both methods to calculation of SC (with use of Lagrange's functions or with use of sensitivity
functions) yield the same result, but the first method it is essential more simple in the computing relation.
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Results of present paper are applicable at design of high-precision systems and devices. This paper
continues research in [13, 16].

It is possible generalization of the received results on the dynamic systems described by the difference
equations, similar to the decision of ordinary integro-differential equations of Volterra’s type. Such models
include interconnected the ordinary difference equations and difference equations with the distributed
memory in time on phase coordinates and variable parameters.
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BapunanuonHsIit MeTO IpIMEHEH JUIs pacdera Kod()(GUINEHTOB YyBCTBUTEIFHOCTH, KOTOPHIE CBS3BIBAIOT IIEPBYIO BapHAIHIO (QYHK-
[IMOHaJNIa KauecTBa paboTsl cucteMsl ((yHKIMoHana bospla) ¢ BapuanusamMu mepeMeHHBIX M MOCTOSHHBIX MapaMeTpoB, JUIi MHOTO-
MEPHBIX HEJTMHEHHBIX TUHAMHIECKHX CHCTEM, OTMCHIBACMBIX PA3HOCTHBIMH YPaBHEHHSAMH C paclpeielIeHHOH NaMAThIO 10 (ha30BBIM
KOOpJIUHATaM 1 [IEPEMEHHBIM ITapaMeTpaM.
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