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MHTETPUPOBAHMS JJaHa rpaduueckasi WINTIOCTPaLys HOMTyYeHHOH aHATMTHYECKN 3aBUCH-
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Abstract. The paper aims to study the influence of the brachistochrone rotating in
its own plane on the gutter shape along which a body moves. The problem is solved with
a moving basis, which allows one to account for all forces exerted on the body. Introduc-
tion of the moving basis yields a compact system of dynamical equations, whose validity
was proven in previous author's papers. In limiting cases, such an approach is used to
solve analytically the obtained equations of motion and to determine the shape of curves
depending on the parameters in the equations by tabular integration. The latter is illus-
trated in the figures presented. According to the energy conservation law, which accounts
for the rotation of the entire system as a whole, the resulting equations also include the
angular frequency of rotation as an additional parameter. In this paper, the case of steady
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rotation is studied. Such conditions have a significant impact on the brachistochrone.
In the limiting case of low rotational speeds, the curve, as it should be, degenerates smoothly
into a classical brachistochrone, which is justified by the numerical methods used.
Keywords: rotational speed, brachistochrone, dynamical equations of motion
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BBenenue

Kak Ob1O y’k€ HEOTHOKPATHO IMPOBEPEHO B MPEOBIAYIIMX aBTOPCKUX paboTax
(cm., Hamp.: [1-10]), pemieHue 3agaun 0 OPaxXUCTOXPOHE YPE3BBIYANHO YAOOHO MPOBO-
JUTb B MITHOBCHHOM OPTOTOHAaJIbHOM 6331/106, BbI6paHHbIM B HpOH3BOJ’II;HOI71 TOYKE II0-
IBIDKHOW KPHUBOH, KOTOPHIA XapaKTEepHU3yeTcs IBYyMs NMPOBEICHHBIMHU K HEH CIMHHY-
HBbIMM BEKTOpaMHM KacaTreapbHOU T U HopMmanu N.

Y106cTBO MOIOOHOTO MOAX0/a MPOTUKTOBAHO MOCICAYIOMEH PalnOHATBHOCTHIO
TMOJIy4acMbIX ypaBHeHI/Iﬁ " X aHAIUTUYECKUM PCHICHUEM, KOTOPOC OKa3bIBACTCA IPU
9TOM BE€CbMa KOMIIAKTHBIM U HETPOMO3AKUM.

B Hacrosmem cooOmIeHNH MBI TIPUBEAEM MOAPOOHOE U3JI0KECHUE 3aJa9d O IBIDKE-
HHUH TeJa 10 OpaxHUCTOXPOHE C yUeTOM €€ BpAalleHHs C ITOCTOSTHHOM YIJIOBOHM CKOpO-
CTBIO (0, HAIIPABJIICHHON MEPIIEHAUKYIISIPHO TIOCKOCTH X—Y (pHc. 1).

A

Y

Puc. 1. Cxemarmueckoe n3o0pakeHue 3a1adn. V =V + Vip, YTIIOBaAsi CKOPOCTH HAIIPaBIICHA
HEepIEeHAUKYJIAPHO IUIOCKOCTH pUCyHKa. JInHuA 1 — TpaekTopus Teaa Ipu OTCYTCTBUH BpalleHUs
Fig. 1. Schematic representation of the problem. V = v + vrqt, angular velocity is perpendicular
to the plane of the figure. Line 1 is the trajectory of the body without rotation

IIpu 5TOM B 00IINX ypaBHEHHSX IBIDKEHHUS OYAyT YYTEHBI BCe OCHOBHBIC MEXaHU-
YEeCKHE CWIIBI, NCHCTBYIOIIME HAa MaTepUaNbHOE Telno Macchl M. OnHaKo Mmom0OHBIH
aHaJIMU3 3TUX YPaBHEHUI MbI MPOBEJEM C YUYETOM OIHON TOJBKO CHJIBI TSXKECTH, OIy-
CTHB JUTA IPOCTOTHI CHJIBI CYXOTO W BIIAYKHOTO COIPOTHBIICHUS.
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Huxe pcUb 6y,ueT HUATHU O HEPCIIATUBUCTCKOM CJIy4dac, KOTrJa 4aCTOTa BpalllCHUs HE
CJIMIIIKOM BECJIMKAa U BPEMS MOKCT CUUTATHCA abcomroTHEIM. [ TTaBHOM Halein 3ajadei
Ipu 5TOM 6y,ueT BBISICHCHHC (l)OpMI)I 6anI/ICTOXpOHbI B YCJIOBHAX €€ INIOCKOI'O BpalllCHUA.

1. O6urue ypaBHeHUS TBUKEHUS

Pemenne HaMedeHHOW 3a7add Mbl HAYHEM C CAMOTO OCHOBHOTO TIPHHIWIIA AWHA-
MHKH H, B OTIHYHE OT BCEX Mpeapiaynmx padot (em.: [1-10]), Bocrons3yemces XOporio
BCEM 3HAKOMBIM 3aKOHOM COXPAaHEHHS SHEPI'HH 110 TOMY e MPHUHIHNITY, KOTOPBIH ObLI
NpUMEHeH Hamu B pabotax [11, 12].

JIefCTBUTENIbHO, B YCIIOBUSX BpAallCHHUsS MBI MMEEM IIPABO 3alUCaTh CIEAYIOLIUN
3aKOH coxpanenust suepruu (cm.: [13]):

E=T+U =const, 1)
A€ KUHCTUYCCKAs SHCPT U CKIAABIBACTCS U3 ABYX YacTeu: HOCTyHaTeJ'II:HOﬁ " Bpaiia-
TEJIbHOH, a UMEHHO
2 2
oM Jo© 7 @)
2 2
rzie M — Macca TOYEYHOTO TENA, V = Vioer + Vep — PE3YIBTUPYIONIAS CKOPOCTH ABHKEHUS,
Vioer — CKOPOCTB TIOCTYTIATEIBHOTO ABVM)KEHHS IIPH OTCYTCTBHHU BPAILECHHUS, A Vyp — YUCTO
BpallaTeNnbHas COCTABILIIOIIAs, OmpenenseMas, Kak 00bIYHO, GOPMYIIOH Vi =[@ X r]
(puc. 2), MOMEHT MHEPIINH Tella
J=mr? 3)
() — 4acTOTa BpalllEHUs1, KOTOPAasl B HAalIeH 3a/1aye CUUTAECTCS [IOCTOSHHOM.

A

y

Y

t
Puc. 2. TToaBrkHbIH 6a3uc N—T K pe3yIbTHPYIONIeH TpaekTopuu aBimkeHus I(t) = Iv(t)dt

t
U BCE CUJIbI, ICHCTBYIOIME Ha TEJIO Macchl M

t
Fig. 2. A moving basis n—t to a resultant trajectory of the motion r(t) = 'fv(t)dt

to

and all the forces exerted on the body of mass m
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Yro kacaeTcs MOTCHIUAIBLHOW 3Hepruu U, TO Ui Hee Mbl UMEEM IPABO 3aMUcaTh
clenyroliee BhIpaXKeHue

r r r
—U=A=mjg-dr+IFfrodr=m(g«r)+J'Ff,-dr, 4)

o o o
Tne rp — HEKOTOPOE€ HAYaJIbHOE IIOJIOXKCHUE, g — YCKOPEHHE CHIBI TAXKECTH,

A v A
a F, =AN-F,(V)—, rae fi — TeHsopHbIi kodpduumeHT cyxoro tpenus, F, (V) —
v

CHJIa BSI3KOro conpoTtusieHus (Hanpumep, Ctokca [14]).

[Mostomy, noacraisist popmyiisl (2)—(4) B oO1iee Bipakenue (1), nmeeM

2 2 .2
mv mr-m
E=—+——

: _m(g.r)_IFfr-drzconst. ®)

o
Iockomeky r(t) mpencrapiser coOOH HMCKOMYIO Pe3yJbTHPYIOLIYIO TPAaeKTOPHIO,
TO TaK Xe Kak W, HalpuMep, B padorax [1, 5], MbI BOCHOIB3yeMCsI METOZOM MIHOBEH-
HOTO MOJBIKHOTO 6a3uca T—N (cm. puc. 1).
PaznoxeHne cuil TSHKECTH U CONIPOTUBIICHUS 0 3TOMY 0a3UCy MOYKHO IpEACTaBUTh
B BHJIE!

g=g(rsina—ncosa), (6)

Fr =Nin—Fr=(uN-F,(v))7, ©)

rae | — oOUIEenpUHATHINA KOI(QPUIHEHT TPEHHUsI, KOTOPBIN ONpenessieTcst Kak wt' = fin’,
nockoibky N = Nn', a yron o BBesieH Ha puc. 1 (HamomuumM, 9to Y =tga).
[Mpomuddepenunpyem ypasuenue (5) mo Bpemenu. Mimeem B pesyinbrate

—m(g-r)—ijr-dr =

o

d mv: mrie?
dt| 2 2

=m(v-V)+me’ (r~v)—m(g~v)—(Ffr ~v) =0
OTkyna cpa3sy e CleyeT, 4To
v(m\'/+moa2r—mg—Ffr)= 0,

MJIM B CHJIy IPOM3BOJILHOTO HAIIPABJICHHUS BEKTOPOB V U I' ITI0OJ1Yy4aeM MCKOMOEC ypaBHE-
HHC

F
V+o’re, =g+—, (8)
m

IJie € — €/IMHAUYHBIN BEKTOD, HATIPABJICHHBIH BJIONb Pajuyc-BeKTopa I.
TToCKOIBKY CBSA3b €MHUYHOTO 0a3uca €r, €, TMOJISAPHON CHCTEMBI KOOPIAMHAT C IO-
JIBIKHBIM 6a31MCOM T—N UMEET BHI:
e, =nsin(a—¢)+tcos(a—9),

9
e, =-ncos(a—@)+Tsin(o—g), ©)
10 ypasrenue (8) ¢ yuerom (6), (7) u (9) samumercst kak
N-F (v
%(VT)-}- ro’ [nsin(a—¢)+tcos(o—¢)]= g(rsina—ncosa)+wt
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Wnn nocne auddepeHnmpoBanHus
2

. \ i
v'rJrEn+ru)2 [nsin(a—@)+Tcos(a—9)]=

. pN —F, (v

= g(rsma—ncom)Jer.
m

[IpupaBHHBas COOTBETCTBYIOIMNE poeKINU B ypaBHeHHH (10) creBa u cripaBa, MBI

MIPUXOJUM K CJIEIYIOIIEH cucTeMe YpaBHEHUI:

(10)

N-F (v
\'/:—roazcos(oc—go)+gsinoc+(“—m°()), (1)
Vé =-ro’sin(a—¢)-gcosa,

rze OBLTO yYTeHO, 94To V = Rat .
2. Anaau3 ypasuenuii (11)

PaccMoTpuM moapoOHO cirydaii, Koraa CHIIbl COMPOTUBIICHHS HECYIICCTBCHHBI U IMU
MOJKHO NpeHeOpedb. B pesynbrare ypaBHeHUs (11) CHIIBHO YIIPOIIAIOTCH, H, TOTICPK-
HeM, B ciiydae, koraa V = RA, MBI IPUXOAWM K CIEAYIOUIeH BeChMa KOMITAKTHOW CH-
CTEME YPaBHEHMI:

V=-ro’cos(a—¢)+gsina, 12)
Vé =—rw’sin(o—¢)-gcosa.
Ecmu B paBenctBax (12) monoxuth ® = 0, MBI PUXOAMM, KaK U JIOJDKHO OBITH,
K ypaBHEHHUIO OpaxucToxponsl (cM.: [1, 2]).
Ecnu sxe B paMKax HEmoJABIXKHOTO ciy4ast (o = 0) nonoxuts V=—Ra (mpu & <0),
TO ypaBHeHH (12) mpumyT BUA:
Va =(gcosa
. o (13)
V=gsina,

Y MbI IPUXOJJMM K YPaBHEHHUIO apadoJibl.

OTH I1Ba Ype3BbIUAIHO Ba)KHBIX BBIBOJIA CBHUETENILCTBYIOT 00 OYEHb BaYKHOM U BO-
BCE HEOUEBHHOM (DaKTe, YTO B YCIOBHSAX CBOOOIHOIO JIBHXKECHUS B IOJIE CHJIbI TSKE-
CTH TPAEKTOPHS MOXKET OBITh TOJBKO JHOO0 Mapabonoif, mrbo OpaxucToxpoHoil. Jpyrux
TPaeKTOpHil B pUpoJie He CyliecTByeT. M BOT 3/ieCh CTOUT HOAYEPKHYTh, 4TO CHCTEMa
ypaBHenuii (12) He ommpaercss Ha o0s3aTenbHOE A1 OPaXMCTOXPOHBI TpeOoBaHUE,
YTO BpEMsI CKaThIBAaHMsl HaMMeEHbLIee. ITO TpeOOBaHME YK€ aBTOMATHUYECKU 3aJ0)KEHO
B CaMUX ypaBHeHUsX (12).

PackpbiBast MX 1 BBOAS A€KapTOBBI KOOPIMHATHI COTJIACHO IIPE0Opa3oBaHMAM

X=rcose, y=rsing,
MOJTy94aeM
V=-0"(xcosa+ysina)+gsina,
Vé =—’(Xsino—ycosa)—gcosa.

Pemrast 5Tu nuHeliHble ypaBHEHUS! OTHOCUTEIBHO X, Y, HaiemM
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©’X =—VCoso —Vasina,
) . . (14)
o'y=-Vvsina+vacosa +J.
duddepernunpys o6a ypaBHEHHS 110 BPEMEHH U YUUTHIBASI, YTO
X=V, =Vvcosa,
y=v, =-vsina,
HPHUXOIUM K CIIEAYIOIEMY IPOMEKYTOUHOMY PE3yJIbTaTy:
(V+ve’ +va)cosa+visina =0,
(15)
(V-vo’ +vé’)sina-véicoso =0.
Ecimu temeprs BepxHee ypaBHeHHe B cucTeMe (15) YMHOXHUTH Ha COSO, a HIDKHEE —
Ha sing, a 3aTeM UX CIOXKHUTb, TO TOIYYUM

U+ V(6 +w’ cos2a)=0. (16)

Ecnu xe Teneps BepxHee ypaBHeHHE B (15) yMHOXHTH Ha Sina, a HIDKHEE — Ha COSQL
Y BBIYECTh MX JPYT U3 IpyTa, TO Hai1eM

d+w’sin20=0. 7)

B mpenensHOM ciydyae HEMOIBHIKHOTO Kelo0a, TMOoN0XHuB B ypaBHeHHAX (16) u (17)
® = 0, MBI IPUXOANM K IPOCTOHN CHUCTEME

=0, (18)
V+va?=0.

OTKyna crnenyer, 4to
a@=C,
L (19)
V+C v=0.

Takum o0OpazoMm, y Hac TMoOJydaeTcs OOBIYHOE IapaMEeTPUYECKOE YpaBHEHHE
OpaxucToxpoHsl. JleficTBUTeNbHO, W3 HIDKHero ypaBHeHus (19) ciemyer, utO
v=AcosCt+BsinCt, roe A, B — xoHcrautsl unTerpuposanus. Ilonoxus B = 0,

umeeM o =Ct+C,, v=AcosCt, rune C; — emme oJHa KOHCTAaHTa UHTETPUPOBAHUSL.

A Taxoe peleHue, Kak u3BeCTHO (cM.: [1-9]), xapakTepHO TOIBKO ISl OPaXUCTOXPOHBI.
Bgens B ypaBaeHusx (16) u (17) 6e3pa3MepHBId apryMeHT T = ®f, MBI IPUXOIUM
K CIIEAYIOIIEeH crcTeMe HelIMHEHHBIX AuddepeHnnanbHbIX ypaBHEHIN:
V'+v(a? +c0s20) =0,
) (20)
a”+sin2a =0,
T/Ie «ITPHUX» yKa3biBaeT Ha AuddepeHupoBanme 1o T.
JI1s TIOMHOTHI KapTHHBEI cucTeMa ypaBHeHHH (20) mopkHa OBITH JOMOJHEHA eIle
JIByMsl ypaBHEHUSIMHU
X = J'vcos odt,
) (21)
y= —Ivsm odt.

W3 HwkHero ypaBHeHUsI cucTeMbl (20) mociae HaxXxOXKIEHHS €ro MEepBOr0 MHTErpaia
noJy4yaeM
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CZ
"> —c0s 20 = m—lz , (22)

rue KOHCTaHTa WHTerpupoBanus Ci MMeeT pasMEepHOCTh YacTOTHL. KBaxpaT 4acTOTHI
B 3HaMeEHaTelle PaBOi 4acTH BBEICH C LEIBbI0 BOSMOXKHOCTH NPEACIBHOTO Iepexoa
K ciydato @ = 0.

Ortcrozna cpasy ke cielyeT pelieHue B KBaapaTypax:

§1I—+0052a
Q)]

Ecmu, x mpuMepy, CYUTaTh, YTO B HAYAJIbHBIH MOMEHT BpeMeHH t = O qBrkeHUe HaYH-

1+C, (23)

T
HACeTCA OT 3HAYUCHHUA yIjIa o = E , TO CJICAYCT MOJIOXKUTh Cz =0.B pe3ysbTaTe peuie-

HHe (23) MOYKHO TOra PeICTaBUTh B O0Jiee KOMIAKTHOM BHJIE:

C
—+cos 20,
(,0

I e — 24)

Beipaxas u3 pemenns (22) o> ¥ MoJCTaBIsAs B BEpXHee ypaBHeHHe cucTeMsl (20),
HaXO0JIUM

2
V'+ v(Zcos 2a+C—12j =0. (25)
()

OKOHYATEIHHO HAIIy MOJHYI0 CHCTEMY YPaBHEHUH, KOTOPYIO Mbl OyJeM pemiars 4uc-
JIeHHO, cornacHo (21), (24), (25) cneayer npeacTaBUTh, KaKk

=,/y+C0s2a,

V'+v(2c0s2a.+y)=0,

X :lj'vcosocdr, (26)
Y 0

y= h—lj‘vsinadr.
(DO

2
rae y= —12 . ITpu sTom moguepkueM, uro C, # ®, nockonbky Ci — 3T0 He 3aBHUCSIIAs
0}

HU OT Yero KOHCTaHTa.
C 1enbro YUCIEHHOT'O MCCIIEJOBaHUs PelIeHUs] ypaBHeHHH (26) ux yao0HO 3aru-

v
caTh B Oe3pa3MepHOM BHJE, BBeas mapameTp U :ﬁ. Torma BmecTo (26) momy-
g

YUM CIIEAYIONTYI0 CHCTEMY:
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o’ =/y+c0s2a,

u”+u(2cos2a+y)=0,

£ = :XIUCOSadr, (27)
0

1’]:

S|l< TIx

=1—xj'uvsin adr.
0

r7ie mapameTp A = 129 .
o\ h

YpaBHeHus (27) MO3BOJAIOT HAM HaWTH MHTEPECYIOLIYI0 Hac 3aBHCHMOCThH Tpaek-
TOpUH B BUAC (DYHKIHH T zn(é,k,y) OT mapaMeTpoB A u y. HauanpHbIe ycrmoBus

MOXHO 33/1aTh CIEAYIOIIIMH:

u(0)=0, u'(0)=A=0. (28)

YucneHHOe MHTErpUpOBaHME ypaBHEHUS (27) ¢ HadyaJdbHBIMM yCIOBHAMH (28) g

Pa3HBIX 3HAYEHUH apaMeTpoB A U Y WILTIOCTPHUPYIOT puc. 3—6. Kak BugHO U3 pHc. 5, 6,

B IIPE/ICIBHOM Cilyyae, Koraa yactora o — 0, KpuBasi BBIpOKAaeTCsl B OOBIYHYIO Opa-
XHCTOXPOHY.

(
a
0.998
0.996
0.994
0.992
0.990
0.988
0.986 . . , v

0 0.005 0.010 0.015 0.020

. X

C |-

h

Puc. 3. 3asucumocts N (E) nust mapamerpoB A=0.1uy=4

[IPH HAYAIBHBIX YCIOBHSIX 0.(0) = g, u (O) =0, u’(O) =1

Fig. 3. Dependence n(&) for parameters A =0.1andy =4
under initial conditions a.(0)= g u(0)=0,u’(0)=1
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Puc. 4. 3aucumocts 1(&) ans napamerpos A = 1uy =4
HpHU HAYAIBHBIX YCIOBHAX OL(O) = g, u (0) =0, u’(O) =1
Fig. 4. Dependence n(&) for parameters A = 1 and y = 4
under initial conditions o.(0) = g, u(0)=0,u’(0)=1
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b1 10 135 20
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Puc. 5. [lna mansix yactot Bpamenus, A = 100, kpusas (cruomnas muHus), IEpeXOauT B 6pa-
T
XHUCTOXPOHY (IlyHKTHpPHAs! TuHEs ). HadanpHble ycioBus OL(O) = Px u (0) =0, u’(O) =1
Fig. 5. At low rotational speeds, A = 100, the curve (the solid line) turns into a brachistochrone

(the dashed line). Initial conditions are as follows: o.(0) = g, u(0)=0,u’(0)=1
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Puc. 6. CpaBHeHME IOYTH HEMOBUKHON GpaxucToxpons! (ciomnas aunus), A = 1 000,
1 0OBIYHON OpaxXUCTOXPOHEI (ITyHKTUpHAs JIMHWUS). HauanpHble ycaoBus

a(O):g,u(O):O,u'(O):l

Fig. 6. Comparison of an almost immobile brachistochrone (the solid line), A = 1 000,
with an ordinary brachistochrone (the dashed line). Initial conditions are as follows:

a(O):g,u(O):O,u'(O):l

3akaouenue

B 3akitouenue kpaTko copMyIMpyeM OCHOBHBIE MOJTyUEHHBIE BBIIIE PE3YJIbTATHI.

1. [IpuBenena HamOosiee oOmiasi cucremMa AMHAMUYECKHX YPaBHEHHH, OIHCHIBAIO-
I1asi BPAIAIONIYIOCs C ITOCTOSHHOW YTJIOBOM 4acTOTOH B IOJIE CHIIBI TSDKECTH Opaxw-
CTOXPOHY C yYETOM CHJI COTIPOTHBIICHHS.

2. TlpuBeieH NoJAPOOHBINM aHAIU3 MOJIYYEHHBIX YPaBHEHHH B OTCYTCTBHH CHII CO-
MPOTHUBIICHHUS.

3. CTporo aHalnMTHYECKH J0KA3aHO, YTO B II0JIE CHIJIBI TSHKECTH KPHBOJIMHEHHOE
JIBIKEHHE MOXKET MPOUCXOJUTHh TOJBKO JKOO0 1o mapabodie, MO0 1Mo OpaxucTOXpOHE.
Jpyrux TpaeKTOpHid B IPUPOJAE HE CYLIECTBYET.

4. HaiineHo 9mCIIeHHOE pelieHre ypaBHEeHHUH (27) ¢ HadalbHBIMU yCIOBUSAMH (28)
U C UX MOMOIIBIO COTIIACHO HESIBHOW 3aBHUCHMOCTH T = n(&,k,y) JaHa rpaduyeckas

WTIOCTpAals BO3MOKHBIX (1)0pM skenoba B YCIIOBHAX €TI0 BpalllCHUs.
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