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AHHOTanus. YCTaHaBIMBAIOTCS ANPUOPHBIE OLEHKH PELIEHUH OJHOMEPHBIX HEOIHO-
POIHBIX THUIEPOONNYECKUX YPaBHEHUH C MHTErPajbHOM Harpy3koil B INIaBHOH YacTH,
umeroreid Bux a(s) = sP, npu p = 1, 0.5 u —1, ¢ HEOAHOPOAHBIMU HAYATBHBIMH M OJIHO-
POIHBIMU TPAaHUYHBIMU YCJIOBUAMH. 31€Ch S — MHTErpall 10 MPOCTPaHCTBEHHOM mepe-
MEHHON OT KBajpaTa MOJyJsl NPOU3BOJHON perieHus ypaBHeHus mno X. ITpuBopsrcs
[pUMepHI JIMHeapu3aluy Harpy>KeHHbIX YpaBHEHUH MOJCTaHOBKOM MpaBbIX yacTeil ole-
HOK BMecTO a(S).
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Abstract. This article describes a method for the linearization of one-dimensional inho-
mogeneous hyperbolic equations with an integral load in the main part. The integral load
here is a function a(s), where s is the integral of the squared the modulus of the derivative
of the solution of the equation in x over the spatial variable. It is noted that s is the norm
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of the derivative of the desired solution in the Lebesgue space L2. This allows using an
a priori estimate of the specified derivative to linearize the original loaded equation. To do
this, the integral load a(s) is replaced in the equation by the right side of the estimate estab-
lished a priori. A priori estimates are established for the case of a linear function a(s), as
well as in two cases when a(s) is not linear. In all cases, inhomogeneous initial and ho-
mogeneous boundary conditions of the second kind are considered. Examples of lineari-
zation of loaded equations by this method are given. The exact or approximate solution
of the linearized equation found under the initial and boundary conditions of the loaded
problem can be taken as an approximate solution of the original loaded equation.
Keywords: hyperbolic equation, integral load, a priori estimation, linearization
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BBenenue

MonenupoBanue psna (QU3NIECKHX, OMOIOTHYECKHUX, SKOJOTHYECKUX IIPOIECCOB
MPUBOAUT K HAa4YaJIbHO-KPAaeBBIM 3ajjadaM MJIs ypaBHEHMH TUIepO0JIM4ecKoro THIIA,
COJEpKAIUX B TTaBHOM 4YaCTH MHTErPANbHYIO HArpys3Ky, MoJ KOTOPOW NMOHUMAETCs
HekoTopas GyHKuus a(S), comeprkaiias WHTErpall HEKOTOPOH CTENIEHH HMCKOMOTO pe-
IIEHUS WM €ro TIPOU3BOAHON. TakuM ABIsieTcs, HalIpUMeEp, YpaBHEHHUE

Uy —a(S)uy =0, 8= j|ux|2dx.
Q

OmHUM U3 TIEPBBIX HCCIIEIOBAaHUI 3TOTO ypaBHeHHs Obuia padora [1], B KoTopoi
npu Q=[0,1] «ykassiBaeTcst pueM pelieHUss HEKOTOPHIX KPAEBBIX 3aj1au MPH IIOMO-

My OECKOHEYHBIX cHCTeM Iu(QepeHHanbHbIX ypaBHeHMI». K ancay Oonee mo3gHux
paboT, CBS3aHHBIX C IaHHBIM ypaBHEHHEM, oTHOcATCS [2, 3]. B craThsx [4, 5] u apyrux
HCCIIEAYIOTCS BOIPOCH! OJJHO3HAYHOM Pa3pelIMMOCTH HadyaIbHO-KPAeBBIX 3a/1a4 B MHO-
TOMEPHOM Cilydae, X 3TOM B [5] ypaBHEHHE JIONOTHEHO MIIAIIIMMHU WICHAMH, OJNH
U3 KOTOPBIX SBIISIETCS] HETMHEHHBIM.

MHOTOMEpHOE HEOJHOPOTHOE YPaBHEHHE

Uy —a(S)uy = f,s= J'|Vu|2dx, QcR",
Q

paccMmarpuBasiock B padoTax [6, 7]. B Hacrosmiee Bpemst OJOOHOE YpaBHEHHE C MIIA]I-
UMY YJIeHAMH UHTEHCUBHO Hccienyercs. Cpeau OONBIIOro KOJMYECTBA MOCIIETHIX
pabot MoxHO ykazaTh [8—10]. B 3TuX W Apyrux MCTOYHUKAX MPAKTUYECKH BAKHBIE
Harpy>KeHHbIE YpaBHEHUs cojiepkar GyHKIpoo a(S), apryMeHT KOTOPOi, Kak HETPYTHO
3aMETHTh, MPEACTABISAET COO0H HOPMY MPOU3BOTHOW UCKOMOTO PEIICHHS B TIPOCTPAH-
crBe Lo(Q). DTO MpUBOIUT K MBICIH O BO3MOKHOCTH HCIIOJB30BAHMS arpHOPHOM
OLICHKM NPOM3BOJHOM pelIeHMs 3a/add B YKa3aHHOW HOpMe JJisl JIMHEapH3aluu HC-
XOJIHOTO ypaBHeHHs. Takol moaxo.1 ObLT UCTionb30BaH B [11, 12] 1 HEKOTOPBIX APYTUX
paboTax aBTOpa, B KOTOPBIX MHTCTPaIbHAS HArpy3Ka COICPIKUTCS B MIAJIIMX YICHAX
YPaBHEHUs U ABIIAETCS HOPMOit ero peuieHus B mpoctpaHcTse Lp(Q), p > 3.

Ilenpio HacTosMmIeH pabOTHI SABJISETCS YCTAHOBIIEHHE ANPUOPHBIX OIIEHOK BTOPOM
CMEIIAaHHOM 3aJjaud ¢ OJHOPOJHBIMH TPAaHUYHBIMH YCJIOBHSIMH JJISi HEOJHOPOAHOTO
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THIIEPOOIIMYECKOTO YPaBHEHHUS C HHTETPaJbHON HAarpy3Ko B TiIaBHON dacTu. Paccmarpu-
BAETCS JIMHEMHBIN citydyai a(S) = S, a Takke HelMHelHbIe cnydan a(s) = Js u a(s) =s™

[IpuBoasITCS MPUMEPHI, B KOTOPBIX C HETbIO JIMHEAPU3aNy IEPBOHAYATIBHOIO ypaBHE-
HHS MHTETpaJibHAsl Harpy3Ka 3aMeHseTCss HEKOTOPOI M3BeCTHOH (yHKIMEH ot t, ompe-
JieNsieMol TIOCPEICTBOM NIPABOM YaCTH allpUOPHOH OIIEHKH.

1. JInHeiinasi MHTerpajbHas Harpy3ka a(s) =S

PaccmoTpuM ypaBHEHUE C TMHEHHON HHTETPAIbHOM HArpy3KOM
2
Ut = U o U = T(X1), 1)
B KOTOPOM

a2 = [luf dx=s, @=[0.1]
Q

IIpH YCIOBHAX
u(x,0) =@ (x), U (x,0) =, (x), 0< x <1, 2, (0,8) =, (1,£) =0,0<¢ < T. 2

Teopema 1. Tlycts pynxuus U € H(Q) raxas, ato U € Ly (Q) sBmsetcs perreru-

em 3amaun (1), (2), @, Py, f €L,(Q). Torna dyrkuus ||ux||;l  OTPaHHYCHA KOHCTAH-

TOM, 3aBUCSIIEH TOJBKO OT t.
JoxkazarenbcTBo. PaccMoTpum ckansipHoe npomsseeHne (1) u hyHKImn Ut

(e U ) —[lu "zg( ool ) = (.U ).

I[Hf{ OTACJBbHBIX YJIC€HOB UMEEM
_1 _
(Ugt ,U;) _Ei (u) “x = 2 at ”Ut "2 Q' (fue) f fu,dx,

1d

0 =
Uy Uy) = —J'&(uxut Ydx + quutxdx = —(uxut)|§:!J +§§J;aufdx = EE"UX”ZQ :

Q Q
3aMeTUM TaKKe, 4To

2 2 1d 1d 4
_"uxuz,g (uxx'ut)zuuxuz,g Ea"uxuz,g 4dt (" "2Q) =za||ux||2,g-

IIpuBenennsie mpeoOpa3oBaHUs l'lpI/IBOJI}IT K PaBEHCTBY

1d
palia g gl =] o

HHTETPUPYS KOTOPOE MOJIy4aeM
t
2/l ¢, +luxly o =4 [ fudd e+ 2]u (4, 0)[5 o, +ux (. 0) -
0Q

DYHKIHUIO O/ UHTErPAJIOM B PABOM YaCTH OLEHUM 10 MOAYIIIO U BOCIIOJIB3yeMCsI
HepasencTBoM Ko ¢ € = 0.5:

1
[ ltufac=2] o |1 e - [luf” a1 13, 2
2 o ZSQ
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YTO MTO3BOJISICT EPEHTH K HEPABEHCTBY

t t
2 4 2 2 2 4
2|, "2,9 Jr"ux"z,Q < ZIHUI "2,9 dT+_[" f ||2,Q dr+ 2"‘92"2,9 +||‘Plx”2,g . 3)
0 0

Ormyckast BTOpO€ cllaraéMoe JIEBOH 4acTH, HOIydlM

t t
el < [l 87+ 05[ 115 dr+ o2l o +0Sfondyg
0 0

[puMensist K TIOCIeaHEMY OIHO U3 06obIeHui HepaBercTsa ['ponyosta [13. C. 11],
uMeeM

t 1
Il <05[e 11130 drod e+l +0Sfond ) -+
0 o0

t
2 2 4
+ 0'5_[" f "2,9 de+ [, ||2,Q + 0'5||(Plx||z,9 :
0

210 O3Ha4acT, 4ToO

el < o0,

t T
Ko(t) = O.SJ‘(eTJ‘" f ”;g dro +f "Z,QJdT + (”‘PZ "29 +0.5]py, "Azl,sz)et :
o\ 0

BosBpamasice k HepaBeHCTBY (3), OMyCTHM B JIEBOH 4acTU INEPBOE CIIAracMoe,

a B IIPABOM YacTH 3aMEHUM ||ut Ha Ko(t). B pe3ynpTaTe mony4nm oLEeHKY

2
"2,9

ol e, <K, @

t t
K(t) = ZJ. Ko(r)dt+ J." f "29 de+ 2”(92”;9 + o ";g '
0 0

BBITIOJTHAIOINYROCs st Beex t € [0, T]. Teopema 1 gokaszana.
U3 (4) cnenyer, 9To

Jull o < VK-

BriOupast paBeHCTBO B JJaHHOM BBIPQ)KCHUH, ITOJICTABUM €ro INpaByro 4acts B (1)
1 TIOJTyYUM JIMHEHHOE ypaBHEHNE

Uy — KOy, = T(X,1). (5)
IIpmmep 1. [TycTs B ycioBmsIx (2)
1=1 () =x(x-1), p() =% F(xH)=xt (6)
Torma

4_1 , 2_1 2_12 _1t ) _tlzz _t3
ol 0 = _[(ZX—l) dx =9 lo2ll; —IX dX—glJ‘"f"szT_J‘J‘T X dXdT—g,
0 0 0 00
(7
jerJE||f||§Qdrodr+j||f||§gdT:l((t3_3t2+6t_6)et+t3+6),
o o0 0 9
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13 L0 t .3
Ko(t)_E((t —3t2 46t + et +t +6),

t
j Ko (t)dt =%((t3 —6t% +18t—17)e' +0.25t* + 6t +17),
0

K (t) :é((tS —6t% +18t —17)e' +0.25t* + 3 +6t+24).

Ormetum, uto K(t) >0 mpu t>0.
[Moxcrasnss B (5), NEPEXOAUM K JTHHEAPU3OBAHHOMY YPABHEHHUIO

Uy _%\[(tg’ —6t% +18t —17)e' +0.25t* + > + 6t +24u,, = xt.

2. Hesiuneiinas MHTErpajbHas Harpyska a(s) = Js
ITpu ycnoBusx (2) paccMOTpUM ypaBHEHHE C HEJIMHEHHON HHTErpajibHOM Harpy3Koi
Uy —||uX||21Q Uy, = T (X,1). 8
Teopema 2. ITycts dyuxums U e HY(Q) raxas, ato U € Ly(Q) sBasercst perrenu-

em 3anaun (8), (2), ¢, 0y, T €L, (Q). Torna dynkuus ||ux||2  OTPaHMYEHA KOHCTAH-

TOM, 3aBUCSILEH TOJBKO OT t.
JlokazarenbcTBO. 3amuieM cKalsipHoe mpou3BeaeHue (8) ¢ Uy

(utt’ut)_"uX"zQ (Ut ) = u)
" 3aMCTHUM, 4YTO

1d 2 2 d 1d 3
_"uxnz,g (uxx Ut ) = "utz,Q Ea"uxuz,g = "uxuz,Q a"uxuz,g = ga"uxuz,g !

4TO NPUBOJUT K COOTHOIICHUTIO
1d 2 1d 3
——|Ull, o +=—|u :I fu,dx.
sl 5k =
MuTterpupoBanue nocieHero 1aet

t
3[ucl , +2uly o, =6[ [ fudrdz +3u (% 0)[; , +2[u, (X O)f; -
0Q

q)yHK]_H/IIO 1o I/IHTeraJ'IOM B HpaBOI\/'I YaCTUu OLICHUM II0 MO}IyH}O nu HpI/IMeHI/IM K HeMy
HepaBeHcTBo Ko ¢ € = 0,5:

6_“ fu | dx <3 s“ f |2 dx+i.|.|ut|2 dx |=15|f ||§Q +3||ut||§Q :
o Q 28, '

DTO MO3BOJISET MEPEUTH K HEPABEHCTBY

t t
2 3 2 2 2 3
3)Ju, "2,9 +2]Ju, "2,9 < 3J.||ut "2,9 de +1'5_“| f "2,9 dt+3lp, (X)”Z,Q + 2|y, (X)Hz,g - (9)

0 0

OHyCKaﬂ BTOPOC CJjlaracMoc ﬂeBOﬁ 4acTy, MoJIy4Ynum

20



bo3sues O.J1. O nuHeapusayuu aunepbonudeckux ypagHeHul ¢ uHmezparbHoU Hagpy3kol 6 2nasHoll Yyacmu

t t
2 2 2 2 2 3
"utllz,g < I"ut "2,Q de+ 0'5,”| f ||2,Q dt +”(92”2,Q + §"(P1X”2,Q ’
0 0
IIpumenss x nocneanemy HepaBeHcTBO [13. C. 11], umeem

el < Ko®)

t T 2
Ko(t) = 0'5_[ (et .“l f "29 dro+|f ";Q}dt + ("‘PZ "29 + §"(P1X "2,Qjet'
o\ o
BosBparmascs k (9), omycTuM B JIEBOM YacTH MEPBOE CliaraeMoe, a B IMPaBoil 4acTH

2
3aMEHUM ||ut ||2 o Ha Ko(t). DTO MPUBOIHUT K OIIEHKE

Julh o < KO, (10)

t

2

-1 [0 08 gl | 2o
0

BeinosHsitoreiics st Beex t € [0, T]. Teopema 2 nokazana.

U3 (10) cnenyer, uro
[uxlq < KO

Bri0op paBeHCTBA B JaHHOM BBIPAKCHHUH IO3BOJSIET mepedTH oT (8) k jauHeHHOMY
YpaBHCHHIO

Ug — K (E)u,, = T (X 1). (11)
ITpumep 2. ITycts umeet mecto (6). Bocmons3osasmucs (7), moaydaeMm

loucll o =277 = 0.19245, Ko (1) = %((t3 ~3t +6t+2.3094)e' +1°+6),
t
[Ko(m)dz :%((t3 —6t2 +18t —15.69)¢' +0.25t* +6t+17),
0

K(t) = %((ﬁ —6t2 +18t —15.69)e" +0.25t* +0.6667t3 + 6t +24.5396).
IToxcranoBka B (10) IpUBOANT K TMHEHHOMY ypaBHEHHUIO

Uy —0.43683(t> —6t% +18t —15.69)e" +0.25t* +0.6667t° + 6t +24.5396U,, = Xt.

3. HenuHeliHas MHTErpajibHas HArpyska a(s) = s+

IIpu ycnoBusx (2) paccMOTpUM ypaBHEHHE
Uy —||ux||;2Q Uy, = T (X,1). (12)
Teopema 3. Ilycts (yHkms U € H(Q) taxas, uro U € L, (Q), ||ux||§Q >0, sBisI-
ercs peruenueM 3anauu (12), (2). Iycts, kpome Toro, @, ¢,, T € L, (Q), ||(plX (X)||§ >0

2 o o
TOFH& q)yHKIII/ISI ||UX||2 o OrpaHnv4ceHa KOHCTAaHTOU, 3aBUCALICH TOJILKO OT t.
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JlokazarenbcTBO. 3aMETHM, UTO B CKAIIPHOM Iipou3BeneHnu (12) u pyHKInum Ut

(Utt'“t)_”Ux"jQ (Unotl ) = (T,
HUMECT MECTO PABCHCTBO

-2 -2 d 2 d 2
—||Ux||2,g (U Uy ) = "uxnz,Q a"uxuz,g Tt In "uxuz,Q :

3T0 IIO3BOJISICT 3aIlIUCaTh ypaBHeHI/Ie
d
(Il e o) 2] fue
HHTETPUPYSI KOTOPOE IOTyIHUM
t
Jual. + Il = 2] | fudxde+u (0., + I u (x. O
0Q
IIpumensis HepaBeHcTBO Koy, nepeiiieM K HEpaBEHCTBY

t t
Jug "59 +In ||Ux||§,g < ,“|ut "59 de +,“| f "29 dt -+, (X)"ig +1n o, (X)";Q - (13)
0 0

OHYCKaﬂ BTOPOC cJlaracMoc JICBOM HJacTH, MOJIy4YruM

t t
2 2 2
lucl < [l 82+ 115 de ol g+ Inflosdl o
0 0
OuepenHoe npumeHeHue HepaseHcTBa [13. C. 11] naer
[l < Ko ®)

t T
Ko(®) = I[eT” f ”29 dro +[ f "Z,Q}dt +("(P2 "29 +Infoy ";Q)et'
o\l 0

a B NpaBoi yvactu

. 2
Bosppamasices k (13), omycTuM B J€BOi yacTu 4ieH "Ut ||2 Q’

3ameHHM ero Ha Ko(t). B pesynbraTe momy4um cOOTHOIICHHE

t t
Influ .o < [Ko(@de+ [IF15 ¢ dr+loa 095 o+ o ¥
0 0

U3 Hero caexyer oneHka

G0 < KO, (14)

t
2 2 2
K(t) =exp [j( Ko () +| f "2,9 ) dt+o, (X)HZ,Q +Inoy, (X)Hz,Q J ’
0
BeInoJTHsAtoMascs s Beex t e [0,T]. Teopema 3 jpokasana.
Bribepem B (14) BepxHIOIO IpaHHIly OLIEHKH U NMOJACTABUM B (12), momyunm

Uy = Ky = F(X,1). (15)
IIpumep 3. ITycth mmeet MecTo (6). C momombto (7) nmeemM

In[l oy, =—1.0986, Kq(t) = %((ﬁ —3t2 1 6t—12.8875)e! +t3 + 6),

22



bo3sues O.J1. O nuHeapusayuu aunepbonudeckux ypagHeHul ¢ uHmezparbHoU Hagpy3kol 6 2nasHoll Yyacmu

t
[Ko()dr= é((t3 — 6t +18t —30.8875)e! +0.25t* + 6t + 24.8875),
0

K(t) = %((ﬁ —6t2 +18t—17)e' +0.25t* +t3 +6t+24.1222).

Otmetum, uro K(t) =0 mpu t >0.

IToxcranoBka B (15) npuBOANT K IMHEHHOMY YpaBHEHHUIO

-1
U —9((€° — 61> +18t—17)e" +0.25t" + 1>+ 6t +24.1222) Uy =Xt.

3akarouenue

B pabote ycranoBneHs! anpuopHsle onieHKH (4), (10) u (14) npousBoIHBIX pelie-
HUH HadaJbHO-KPAaeBbIX 3a7ay sl OMHOMEPHBIX HEOJHOPOIHBIX YpaBHEHHH rHIepoo-
JMYECKOrO THIIA C UHTETPalIbHON HArpy3koit a(s) = SP B riaBHo# yactu mpu P = 1, 0,5 u
—1 cooTBeTcTBeHHO. BO BCcex ciydasx rpaHHYHBIE YCJIOBHUS BTOPOTO pOJa SBISIOTCS
onHOpOoHbIMU. [losyueHHbIE OLIEHKM IpeJHa3HAa4YeHbl A JIMHEApHU3allid NepBOHA-
YaJbHBIX YPaBHEHUH IIyTeM 3aMEHBI MHTETPAIbHON Harpy3Kd HEKOTOPBIMH (YHKITHS-
MM OT t, MOJTyYeHHBIMU M3 TIPaBBIX YaCTEH COOTBETCTBYIOLIHMX OLIEHOK. JIaHHBIN crioco0
JMHEApU3aluy TI03BOJIET aNMpPOKCUMHMPOBATh MCXOIHOE HArpyXeHHOE YpaBHEHHE
ACCOIIMMPOBAHHBIM C HUM JIMHEWHBIM ypaBHEHHEM C COXPaHEHHEM B OCHOBHOM (H3H-
YEeCKOT'0 CMBICIIA MPOLECcca, MOACTUPYEMOTr0 Harpy>KeHHBIM ypaBHeHHeM. ToyHoe MiIu
MpUOIMKEHHOE peIlleHHe JTMHEapu30BaHHOTO YPaBHEHMS, HalJCHHOE IPH HCXOJHBIX
HavyallbHbIX M TPAaHUYHBIX YCIIOBHSX, MOXKHO HMPHUHATH 32 MPUOIIKEHHOE pElIeHHe HC-
XOIHOTO Harpy>KeHHOTO YpaBHEHHMS. JTO PEIICHHE TaKKe MOXET OBITh MCIIOJIH30BAHO
JUISL 3aITyCKa MTEPaAIlMOHHOTO IMPOIIECcca IOCIeI0BATEIbHBIX MPUOIMKEHUI K TOUHOMY
PELICHUIO Harpy>KeHHO! 3a/1a4u.

Cnucok HCTOYHHKOB

1. Beprwmeiin C.H. O6 omHOM Kilacce (YHKIIMOHAIBHBIX YPABHEHUH C YaCTHBIMH IIPOHM3BOJI-
ubimu // 3Bectust AH CCCP. Cep. matematnueckas. 1940. Beim. 1. C. 17-26.

2. Woinowsky-Krieger S. The effect of axial forces on the vibrations of hinged bars // J. Appl.
Mech. 1950. Ne 17. P. 35-36.

3. Dickey R.W. Infinite systems of nonlinear oscillation equations related to the string // Proc.
Amer. Math. Soc. 1969. Ne 23. P. 459-468.

4. Crippa H.R. On local solutions of some mildly degenerate Hyperbolic equations // Nonlinear
Analysis: Theory, Methods & Applications. 1993. V. 21 (8). P. 565-574.

5. Frota C.L., Medeiros L.A., Vicente A. Wave equation in domains with nonlocally reacting
boundary // Differential and Integral Equations. 2011. V. 24 (11/12). P. 1001-1020.

6. Iloxoxcaes C.M. O6 ogHOM Kilacce KBa3WJIMHEHHBIX TMNepOOINYecKuX ypaBHEeHHUH // Marte-
Mmaruuceckuii coopauk. 1975. T. 96 (138), Ne 1. C. 152-166.

7. Hoxoxcaes C.HM. O6 omHOM KBa3wIMHEWHOM rumepboindeckoM ypaBHenun Kupxroda //
Juddepennmansusie ypasaenns. 1985. T. 21, Ne 1. C. 101-108.

8. Nishihara K. Exponential decay of solutions of some quasilinear hyperbolic equations with
linear damping // Nonlinear Analysis: Theory, Methods & Applications. 1984. V. 8 (6).
P. 623-636.

23



Mamemamuka / Mathematics

9.

10.

11.

12.

13.

10.

11.

12.

24

Ngoc L.T.P., Long N.T. Linear Approximation and Asymptotic Expansion of Solutions in Many
Small Parameters for a Nonlinear Kirchhoff Wave Equation with Mixed Nonhomogeneous
Conditions // Acta Appl Math. 2010. V. 112. P. 137-169. doi: 10.1007/s10440-009-9555-9
Ono K. Global solvability for mildly degenerate Kirchhoff type dissipative wave equations in
Bounded Domains // J. Math. Tokushima Univ. 2021. V. 55. P. 11-18.

bosues O.JI. IlpnbmmkeHHOE penieHre Harpy)>KeHHOTO THIepO0INIecKoro YpaBHEHHS C OTHO-
POAHBIMH KPAa€BbIMU YCJIOBUSIMU // BecTHHK IO)KHoypaJ'ILCKOI"O TroCyJapCTBEHHOTO YHH-
Bepcutera. Cep. Maremaruka, ¢usuka, mexanmka. 2016. T. 8, Ne 2. C. 14-18. doi:
10.14529/mmph160202

boszues O.JI. Pemenne HeMMHEWHOTO TUNEPOOINIECKOTO YpaBHEHHUS MPUOIMKEHHO-aHATH-
TUYECKUM MeToZoM // BecTHuK TOMCKOTO TOCyIapCcTBEHHOTO yHUBEpcHTeTa. MaremaTnka u
mexanuka. 2018. Ne 51. C. 5-14. doi: 10.17223/19988621/51/1

Qunamos A.H., lllaposa JI.B. VIHTerpansHple HEPABEHCTBA U TEOPHs HEMHEHHBIX KoieOa-
Huid. M. : Hayxka, 1976. 151 c.

References

. Bernshtein S.N. (1940) Ob odnom klasse funktsional’nykh uravneniy s chastnymi proizvod-

nymi [On a class of partial differential functional equations]. Izvestiya AN SSSR. Seriya
matematicheskaya [News of the USSR Academy of Sciences. Mathematical series]. 4(1).
pp. 17-26.

. Woinowsky-Krieger S. (1950) The effect of axial forces on the vibrations of hinged bars.

Journal of Applied Mechanics, American Society of Mechanical Engineers. 17. pp. 35-36.

. Dickey R.W. (1969) Infinite systems of nonlinear oscillation equations related to the string.

Proceedings of the American Mathematical Society. 23(3). pp. 459-468.

. Crippa H.R. (1993) On local solutions of some mildly degenerate hyperbolic equations.

Nonlinear Analysis: Theory, Methods & Applications. 21(8). pp. 565-574.

. Frota C. L., Medeiros L.A., Vicente A. (2011) Wave equation in domains with non-locally

reacting boundary. Differential and Integral Equations. 24(11/12). pp. 1001-1020.

. Pokhozhaev S.I. (1975) Ob odnom Kklasse kvazilineynykh giperbolicheskikh uravneniy [On

a class of quasi-linear hyperbolic equations]. Matematicheskiy Sbornik [Mathematical collec-
tion]. 138(1). pp. 152-166.

. Pokhozhaev S.I. (1985) Ob odnom kvazilineynom giperbolicheskom uravnenii Kirkhgofa

[On a quasi-linear hyperbolic Kirchhoff equation] Differentsial ‘nyye uravneniya [Differential
equations]. 21(1). pp. 101-108.

. Nishihara K. (1984) Exponential decay of solutions of some quasilinear hyperbolic equations

with linear damping. Nonlinear Analysis: Theory, Methods & Applications. 8(6). pp. 623—
636.

. Ngoc L.T.P., Long N.T. (2010). Linear approximation and asymptotic expansion of solutions

in many small parameters for a nonlinear Kirchhoff wave equation with mixed nonhomoge-
neous conditions. Acta Applicandae Mathematicae. 112. pp. 137-169. DOI: 10.1007/s10440-
009-9555-9.

Ono K. (2021) Global solvability for mildly degenerate Kirchhoff type dissipative wave
equations in bounded domains. Journal of Mathematics, Tokushima University. 55. pp. 11-18.
Boziev O.L. (2016) Priblizhennoye resheniye nagruzhennogo giperbolicheskogo uravneniya
s odnorodnymi krayevymi usloviyami [Approximate solution of a loaded hyperbolic equa-
tion with homogeneous boundary conditions]. Vestnik Yuzhno-Ural’skogo gosudarstvennogo
universiteta. Seriya «Matematika. Mekhanika. Fizika» — Bulletin of the South Ural State
University. Mathematics. Mechanics. Physics. 8(2). pp. 14-18. DOI: 10.14529/mmph160202.
Boziev O.L. (2019) Resheniye nelineynogo giperbolicheskogo uravneniya priblizhenno-
analiticheskim metodom [Solution of nonlinear hyperbolic equations by an approximate ana-
Iytical method]. Vestnik Tomskogo gosudarstvennogo universiteta. Matematika i mekhanika —



bo3sues O.J1. O nuHeapusayuu aunepbonudeckux ypagHeHul ¢ uHmezparbHoU Hagpy3kol 6 2nasHoll Yyacmu

Tomsk State University Journal of Mathematics and Mechanics. 51. pp. 5-14. DOL:
10.17223/19988621/51/1.

13. Filatov A.N., Sharova L.V. (1976) Integral’nyye neravenstva i teoriya nelineynykh kole-
baniy [Integral inequalities and theory of nonlinear oscillations]. Moscow: Nauka.

Ceedenus 06 asmope:

Bo3nes Oger JIoAMHOBHY — KaHIMAAT (PU3MKO-MATEMAaTHYECKUX HAYK, IOILEHT, IOLEHT
Kadeapsl KOMITBIOTEPHBIX TEXHOJIOTHH W MH(QOPMAIHOHHON Oe3omacHocTH MHCTHTYTA HCKYyC-
CTBEHHOTO MHTEIUIEKTa U IHGPOBEIX TexHomoruit KabapanHo-bankapckoro rocyaapcTBeHHOTO
yauBepcuteta nM. X.M. BepOekoBa; crapmmii HaydHbIH COTpYAHUK MHCTHTyTa HHOOPMAaTHKH
u mpobieM pernmoHanbHOro ympasieHus Kabapnuno-Bamkapckoro HaydHoro mentpa PAH,
Hanpuuk, Poceust. E-mail: boziev@yandex.ru

Information about the author:

Boziev Oleg L. (Candidate of in Physical and Mathematical sciences, associate professor at the
Computer Technologies and Information Security Department, Institute of Artificial Intelligence
and Digital Technologies, Kabardino-Balkarian State University; senior staff scientist of Institute
of Computer Science and Problems of Regional Management, Kabardino-Balkarian Science
Center of the Russian Academy of Sciences, Nalchik, Russian Federation). E-mail:
boziev@yandex.ru

Cmamows nocmynuia ¢ pedaxyuio 15.05.2022; npunsma k ny6nuxayuu 01.12.2022

The article was submitted 15.05.2022; accepted for publication 01.12.2022

25



