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JVUCKPETHBIC aHAIOTH MPUHIUIIA MAKCUMUHA 1 JINHEApHU30BaHHOTO MPUHIIUIIA MAKCHMHUHA.

KnioueBbie ciioBa: pasHOCTHOE ypaBHEHHE, HEITaIKHH (DyHKIHOHAN, IPON3BOIHAS MO HAIPABICHUIO, HEOOXO-
JVIMO€ yCJIOBHE ONTUMAIBbHOCTH, AOIYCTUMOE YIpaBJIeHUE, 3ajaua Ha MUHIUMAKC, IPUHIIUI MAKCUMHHA

Jna yumuposanusa: YsipaxoBa M.Y. O6 oHON IMCKPETHOH 3a7a4ye yIpaBlIeHNUs, ONMCHIBAEMON Pa3HOCTHBIM ypaB-
HeHueM Tuna Bonbreppa 1 Hernaakum KputepueM Kadectsa // BectHuk TOMCKOTO rocyjapcTBEHHOTO YHUBEPCUTETA.
VrpasieHune, BEIYUCIUTENbHAS TEXHHKA U nHpopMaTrka. 2022. Ne 61. C. 4-11. doi: 10.17223/19988605/61/1

Original article
doi: 10.17223/19988605/61/1

On the one discrete control problem described by Volterra type difference equation
and non-smooth quality criterion

Mahnura U. Chirakhova
National Academy of Sciences of Azerbaijan, Institute of Control Systems, Baku, Azerbaijan mahnuraciragova@gmail.com

Abstract. The work devoted to study of one optimal control problem described by a system of nonlinear Volterra
type difference equations, with a non-smooth quality functional assuming that the quality functional satisfies the Lipschis
condition and has directional derivatives.

Using method based on linearization of equation of process under several of assumptions necessary conditions of
optimality in terms of derivatives in direction are established.

The minimax control problems has been separately considered. That is that problem of finding the minimum value
of the functional of the type maximum (problem by minimax). Using the derivative formula in a direction of the function
of maximum type under the assumption of the convexity of the analogue of the set of permissible velocities, the neces-
sary condition of optimality of the type of the maximum principle is proved. In the case of the convexity of the control
domain, an analogue of the linearized principle of maximum is proved.
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B pa6ote [1] u3yueHa ojHa 3a/1a4a ONTUMAIBHOTO yIIPABJICHHS, OMUChIBAEMasi CHCTEMOW Pa3HOCTHBIX
ypaBHeHUH Tuna BosbTeppa ¢ riagkuM TepMHHAIBHBIM KPUTEPHEM KadecTBa, JOKa3aH psii HEOOXOIMMBIX
YCJIOBHI ONTHMaNbHOCTU THUNA npuHimna Makcumyma JI.C. [ToHTpsIruHa U TakKe MCCIeNOBaH Ciaydail ux
BBIpOXKICHUS [2-5].

B paborte [6] ycTaHOBIICH psiZi HEOOXOAUMBIX YCIOBHUIA JJIsl CYIIECTBOBAHUS CEIIOBOM TOUKH.

B npemnaraemoii pabote u3yuaeTcs cirydail HerJagkoro (pyHKIHOHAIA KadecTBa. JJokazaHbl HEOOX0-
JIMMBIE YCIIOBUSI ONITHMAJIBHOCTH B TEPMHUHAX MTPOM3BOIHBIX 10 HATIPABICHUSIM.

OtaenpHO U3yYeHa 3aa4a Ha MUHHMAKC.

1. IHocranoBKa 3a1a4u

Iycts T ={t,,t, +1,...,t,} — 3agaHHBIA AUCKPETHBIH 0Tpe3ok BpeMmenn, U — R" — 3amanHoe HemycToe

A OTrpaHUYEHHOE MHOXECTBO, U (t) — r-MepHas JUCKpETHas yrnpaBisitoniast GyHKUUS, YIOBICTBOPSIONIAs
OI'PaHUYECHUIO

u(t)eU, teT, @

KOTOPYIO Ha30BEM JIONYCTUMBIM yrpaBiieHueM, a dO(X) — 3amaHHas cKaysspHasi QyHKIUS, YIOBICTBOPSIOIIAS

ycnoBuio JIMnmuna u UMeroiias IpOU3BOAHbIC MO JIIOOOMY HAaIIPaBIICHHUIO.
[Ipeanonoxxum, 4To ympaBiasieMblil IPOLIECC OMUCHIBACTCS CUCTEMOM HEIMHEHHBIX PAa3HOCTHBIX ypaB-
HeHuii Tuna BonsTeppa

X(t):if(t,t,x(r),u(r)),teT. 2

1=ty
3necy f (t,r,X,U) — 3aJaHHas N-MepHasi BEKTOP-(QYHKIMsA, HenpepbiBHAs 10 (X, U) ¢ YaCTHBIMU TPOU3BOJI-

HBIMH TI0 X TipH Beex (t, 7).
3ajaua ONTHMAJIBHOTO YIPABJICHHS 3aKII0YAaCTCs B HAXOXKICHHMH MHHUMAIBHOTO 3HAYCHHUSI TEPMH-
HAJIBHOTO (PYHKIIMOHAIIA

S(u)=o(x(t,)) 3)
mipu orpannueHusx (1), (2).
Jlonycrumoe ynpapienre U(t), AOCTaBISIONee MHHAMANBbHOE 3HaueHHe (yHKIHOHaTy (3) mpu

orpaanyenusx (1), (2), Ha3pIBaeTCSI ONTUMAJIHHBIM YITPABICHUEM.

2. Heo0xoauMble yCJI0BHSI ONTHMAJIBHOCTH B TEPMUHAX NPOU3BOAHBIX 110 HANPABJIEHUAM

IIycTs (u (t), X(t)) — (JMKCHPOBAHHBIN JOMYCTUMBIN MPOIIECC, MHOKECTBO
f(tonx(®)U)={a:o="f(t1,x(x)V),veU} (4)
BBINYKJIO 1IpH Beex (t,7), a € €[0,1) — mpou3BOIBHOE YUCIIO.
Yepes X(t;€) 0003HaYMM MMPOU3BOJILHOE JJOIYCTUMOE YIIPABJICHHE, TAKOE YTO

X(t;g) = i f(t,7,x(t;€),u(t;e)) = Zt:[(l—s)f (tT.x(me)u(r)) |+ Zt:gf (t,7,x(5;),v()), (5)

1=ty 1=ty 1=ty
rzae V(t) — Ipou3BONBHOE AOMYCTHMOE YIIPaBJICHHUE.

OTO BO3MOXXKHO B CHIIY BEIITYKJIOCTH MHOXKECTBA (4).
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BBenem o0o3HayeHnE:

_ ox(t; )

y(t) (6)

e=0
"3 (5), B CHUIIY YCJIOBI/Iﬁ TIAAKOCTHU, HAJIOXKCHHBIX Ha IMMPAaBYI0 YaCThb YpPaBHCHUA (2), CJICOYECT, YTO BCK-
TOp'(byHKHI/I}l y(t), onpeaeaeMan (bOpMy.]'IOﬁ (6), SABJIIACTCA PCHICHUCM YPABHCHHA B BapUaluigX

t
y(t) = Z[ f (6o x(2),u(2) y(©) +( F (67 x(2),v(1) -  (t,.x(x).u(x))) |- (7)
N3 (6) sicHO, uTO
X(t;€) = x(t) + ey(t) +o(e;t). (8)
Breruncnnm crienimanpHOe npupaiienne QyHKIMOHaNa KadecTsa (3), COOTBETCTBYIOIIEE JTOITYCTHMBIM
ynpasieausm U(t: g), u(t).
HNmeem

S(u(tie)) - S (u®) =@ (x(t;2)) - D (x(t,)) =[ D(x(t,) +ey(t,) +0o(t;;)) -
—(x(t)+ay(t)) ][ @(x(6) +ay(w) - @ (x(t)) |
Io npexmonoxennio Gyukmms @ (x) ymoBiaerBopsiet ycnosuio Jlummmma. [TosToMy momydaem, 4To
| @(x(t,)+2y(t,) +0(e))—D(x(t,) +ey(t,))| <0,(e). (10)

Hanee, ucronb3ys onpeaesieHIe IPOU3BOAHOM MO HANPaBICHUAM, I10JIy4aeM, 4TO

6(1)(x(t1))
oy(t,)

Ecnu npenmonarats, uto gomycrumoe yrpasienue U(t) onrumanshoe, To u3 (11), ydutsiBas coot-

(9)

D(x(t,)+ey(t))-d(x(t,))=¢ +0,(g). (11)

nvomeHus (10), (11), momrygaem
oD (x(t,))
oy(t)

+0,(g) 20. (12)

U3 sToro HepaBeHcTBa cleyeT
Teopema 1. Eciin MHOXECTBO (4) BBIIYKIIOE, TO ISt ONTUMATLHOCTH I0MycTUMOro ynpasnenus U(t)

HE00X0IMMO, YTOOBI HEPABEHCTBO

M >0 (13)
oy(4)

BBIIIOJIHSJIOCH [ BCEX V(t) eU, teT.

HepapenctBo (13) siBiasieTcs oOIIMM HEOOXOIUMBIM YCIIOBUEM ONTHMAILHOCTH M HOCUT HESIBHBIN Xa-
pakrep.

[epeiinemM Kk KOHKPETU3AIUY ITOJTYIEHHOTO HEOOXOIMMOTO YCIOBUS ONITUMAIBHOCTH.

YpaBHEHUE B BapualusixX SBISETCS JUHEHHBIM HEOJIHOPOJHBIM Pa3HOCTHBIM ypaBHeHUEM. W3 pe3yib-
TaToB pabot [7, 8] caenyer, uro pemeHue Y(t) ypaBHEHHS B BApHALIUAXK JOMYCKAET MPEACTABICHUE

y(t) = Zt:( f(t, 7, x(r),v(r)) - f (t,7, X(T),U(‘E)))—

1=ty

S STRED)(F (65X (S) - f (£,5,X(5),U(S))),

1=ty s=ty

(14)

rae R(t,t) (nxn) — marpuyHas GyHKIHS, SBISIONIASACS PELICHHEM MAaTPHYHOTO Pa3HOCTHOTO YpaBHEHHS

R(t,7) =iR(t,s)( f,(s.t.x(),u®)) - f, (n.t,x@),u®)).t, <t<
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Ilo ananorum c [7, 8] MOKHO MOKa3aTh, YTO MaTpuuHas GyHKuus R(t,t) ABIseTcs Takke pemeHHeM

YpaBHEHUA
R(t,7) = i( f, (1.5,%(s),u(s))R(s,7) - f, (T.t,x(t),u(t))). (15)

C MOMOIIBIO JUCKPETHOTO aHamora TeopeMbl Oyounu (cMm., Hamp.: [8]) mpencrapnenue (14) mpeobpa-
3yeTcs K BUAY:

y(t) :Zt:[( f(to,x(0), V(1)) - f (t,7,x(1),u(r)))-
r e (16)
=Y R(tS)(f (s, t.x(0). V(1)) - f (S,t,X(t),u(t)))}.

ITomoxxum

L(v) = (f (t,t,x@®V() - F (1, x(0,u(0)))-

1=ty

S RE, ) (f (1t XOVE) - f (1t x(0),u)).

1=ty

17)

C yuerom (13), (17) Teopema 1 MoxkeT OBITh ChOpMyTHpPOBaHA B BUJE:
Teopema 2. Ecii MHOKECTBO (4) BBIIYKJIOE, TO IS ONITUMAILHOCTH JOIyCTUMOro yrpasienus U(t)

B paccMaTpuBaeMoil 3a/1aue He0OX0UMO, 9TOOBI HEPABEHCTBO
od(x
oL (v)

BBIONHsITOCH s Beex V(t)eU, teT.
3. JluHeapu3oBaHHOEe HEOOX0MMOE YCI0BHE ONTHMAILHOCTH

Ipexnonoxum, uro BekTop-pynkums f (t,7,X,u) HenmpepsiBHO-MbGepeHEpyema 110 (X, U), a MHO-

skectBo U BBIITYKJIO. B CUITy CACIIaHHBIX Hpe,[[HOJ'IO)KeHI/Iﬁ MOKHO HAIMCaTh «BO3MYIICHHYH» CUCTEMY BH/JIA:

X(tp) = Zt) f(t, o x(mp),u(t:p)=
t - (19)
=> (1-¢) f (t,7,x(;p), uv(7) + 1—p)u(x)),

=t
rae nel0,1) — npousBosibHOE YKCO, a V(t) — MPOM3BOIBHOE IOMYCTUMOE YITPaBJICHHUE.

[Ipeanonoxum

ox(t;
z(t,v) _ow) (20)
o |
n=0
U3 (19) caenyer, uro z(t,v), ompenensiemoe Qopmynoii (20), sBISETCS pPEIICHUEM CIETYIOIIETO
ypaBHEHUS B BapHaLUX:
t
2(t,v) = Y [ f, (Lo x(0),v(1)) 2(r,v) + £, (t, 7, x(1),u(T) ) (v() —u(x)) |- (21)
=ty
3anumieM criequaibHOE NPUpAIIeHUe KPUTEPHsl KauecTBa, COOTBETCTBYIOLIEE JOIYCTUMBIM YIpaBiie-
HusaMm U(t;p), u(t).

Hmeem
S(u(t;p))—S(u()) =[<D(x(t1)+uz(t1,v) +°(H))—‘D(X(t1)+uz(tl,v)):| _ Mad)(X(H))
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W3 mosry4eHHOro pasnoKeHus ClIeqyeT
Teopema 3. Eciu MuOkecTBO U BBIYKII0, TO JUTsS ONITUMAILHOCTH fomycTMoro yipasnenust U(t) B pac-
cMaTpUBaeMoH 3a7a4de He00OX0IUMO, YTOObI HEPABEHCTBO
oD(x(t,
M > (23)
az(t,,v)

BBIIIOJHSIOCH [Uist Beex V(t)eU, teT.

KonkpeTnsupyem momyueHHOE HEOOX0UMOE YCIIOBUE ONTHMATBLHOCTH.
Pemrenue z(t,v) nmuHeapu3oBaHHOrO ypaBHEHUs (21) MpeacTaBUMO B BHIC

2(tv) = 3 £, (5 X(2),u(0) (v(x) — u(x)) - 22[R(t,s) (s o x@u@)]v@-u@), @4
rae R(t,t) pemenne ypaBuenus (15).
Beens o6o3naueHne

Q(t,7) = f, (1, x(r),u(r))+i[R(t,s) f, (s, t.x(1),u(0) ],

S=T

u3 (24) momy4aem, 4To
z(t,v) = ZQ(t,r)(v(ﬂ:) —u(t)).

CrefioBaTenbHo,

2(t,) = 3 Q(6,1) (V) ~u().
TMomoxum -

)= 3Q(,)(0-uv)

Torma Teopema 3 MoxeT OBITH CHOPMYITHUPOBAHA B BH/IE!
Teopema 4. Eciiu MHOkecTBO U BBINMYKIIO, TO JUIS ONTUMAILHOCTH JOIyCTUMOTO yrpasienus U(t)

B paccMarpuBaeMoi 3aj1aue He0OOX0IMMO, YTOOBI HEPABEHCTBO
0P ( x
(x(t)) 25)
oL, (v)

BBIITOJIHSIJIOCH JUIST BCEX V(t) eU, teT.

4, HeOﬁXO)II/lMOC YdioBu€ ONITUMAJBHOCTHA B 3a/la4€¢ HA MUHUMAKC

PaccmoTpum 3agauy o MUHMMyMe GYHKIMOHAIA TUIIA MAKCUMYM
S(u) =max,, e(x(t,),a), (26)
npu orpannueHusx (1)—(5), rae ¢(X,a) — 3amaHHas, HeNpepbIBHO-IU(GEepeHIpyeMas M0 X CKalspHas

¢gynxuus, A€ R™ — 3amannoe HelycToe n OrpaHMYEHHOE MHOKECTBO.

3a7ayn ONTHUMAIBHOTO YIpaBieHUs ¢ GyHKIHOHAIOM TuMa (26) 0OBIYHO HA3BIBAIOTCS 3aJa4aMd Ha
MuHUMaKC. B paborax [2, 9, 10] npu pa3iuvHbIX MPEAMOIOKECHUSIX U3ydeH Psii CBOWCTB (pyHKIHUI THIA
MaKCHUMyM WJIH X€ MHUHUMYM. B uWacTHOCTH, ycTaHOBIIeHa (opMyna JUis MPOU3BOJHON IO HAIPaBICHUIO
(GyHKUMHE TUIIA MAKCUMYM.

Ucnons3ys nuddepeHunanbHbie CBONCTBAa (QYHKIUA THIIA MAKCUMYM, TOJIyYUM HEOO0XOIMMOE YCIIo-
BHE ONTUMAIBHOCTH B 33]1a4€ Ha MMHHUMAKC.

IMycts U(t) B 3amaue (1)—(5) sABIAETCS ONTUMAIBLHBIM YIIPaBIeHUEM. TOrIa U3 TEOPEMBI 2 MOTYYaeM,

4TO BIOJIb HpOLECCa (u(t), X(t))
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o T eu® )20

[Tycts A(X) — MHOXECTBO MakCUMyMOB (pyHKIHH ((X,a), T.c.
A(L) = fa e A p(x(t), 2) = maxo(x(t), D) | max p(x(t). ).

VuuThbiBasg U3BECTHYIO (HOPMYJy O IPOM3BOAHON MO HAIPABICHHIO (YHKIMH THIA MAKCHMyM (CM.,
Hamp.: [9, 10]), u3 HepaBeHCTBa (18) momyuaem, 4to

O (maxo(x(u). )= max

acA(x(t,))

o (X(ti) a)

) L(v)20. (27)

[IpunuMmas Bo BHUMaHue Boipaxkernue L, (V) u3 (17), HepaBeHCTBO (27) 3aNHCHIBACTCS B BUJC:

B0, a){z( (6t X))~ F (.t X(),u))-

aeA(x(t,)) OX

t - (28)
=Y R, (f (1t XOVE) - f (ntx®)u)) |
BseneM o0o3HaueHus
v, = 2D R, o),
H (t, (1), u(t), w, (1)) =—o,(x(t).a) f (tl,t,x(t),u(t))+_2w;(t)f (Tt x(@®),u()).
Torna HepaBeHCTBO (28) 3aNTUCHIBACTCS B BUJIE!
min _(H (t, (), v(t), v, () - H (t, x(t), u(t), v, (t))) <O. (29)

acA(x(t,))

CdopmynupyeM MoaydeHHBIH pe3ybTar:

Teopema 5. JIj1s1 ONTUMATIBHOCTH JOIyCTUMOTO yipasienus U(t) B paccmarpuaemoit 3amaue (1), (2),
(26) HeoOx0mMMO, 4TOOBI HepaBeHCTBO (29) BBIMOIHSIOCH JJIsl BCEX V(t) eU, teT.

[lepeiimem Temepp K /0Ka3aTeNbCTBY JHMHEAPHU3OBAHHOTO YCJIOBHMS MaKCHUMHHA TIPH BBIMOJTHEHUH
TIPEIOJIOKEHUI TeOpeMBI 3.

ITpu BBIMOIHEHUH YCIIOBHIA TEOPEMBI 3 TOJy4aeM, YTO BIOJIb ONTUMAIBHOTO yrpasieHus U(t) BbImo-
HSIETCS HEPaBEHCTBO

o 200,

acA(x(t,)) OX

L,(v)>0.

VuursiBast BeipaxkeHue L, (V), mocienHee HEpaBEeHCTBO 3alIMCHIBACTCS B BHIC!

op'(x(t),a
aem(%» o'( (tl) )ZQ t1 t V(t) u(t))

s Beex V(t)eU, teT.

CrenoBarenbHo, yuutbiBas Bua (yHKimu [amunbrona [TOHTpsTHHA, TMPHXOAUM K CISAYIOIIEMY
YTBEP)KJICHUIO:

Teopema 6. Eciu muoxxectso U Bbimykioe, a f (t,7,X,U) nmeer Takke 10 U HEHPEPbIBHYKO POU3-
BOJIHYIO, TO JUIsl ONITHMAJILHOCTH JIoIycTiMoro yrpasieHus U(t) B 3amaue (1)—(2), (26) rHeo6xoaumo, 4ToObI
HEpPaBEHCTBO

min H, (t,x(t),u(t), v, (t))(v(t) —u(t)) <0 (30)

acA(x(t)

BBIIIOJIHSIOCH 1is Beex V(t)eU, teT.
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Hepagenctso (30) sBnsiercsi aHaIOrOM JTUHEAPU30BAaHHOTO MPUHIIMIIA MAaKCUMUHA, JOKa3aHHBIA B pa-
6ote [11], s 3aga4u ONTUMATIBHOTO YIpaBIeHUsI OOBIKHOBEHHBIMU AU (epeHIIMANEHBIMU YPaBHEHHSAMHU.

3akiIouyenue

B pabote paccMmaTpuBaeTcs AUCKpETHAS 3afada ONTHMAIBHOTO YIPABICHUS, OMKIChIBaEMasi CUCTEMOR
Pa3HOCTHBIX ypaBHeHU# Bosibreppa u HeauddepenmpyempiM GyHKIMOHANIOM KadecTBa. [lomydeHs! o0mue
HEOOXOIUMBIE YCTIOBUSI ONTUMAIBLHOCTH, KOTOpPBIE OXBaTBHIBAIOT 3aJadyy B MWHHMAaKC, TAKXKE HCIONbB3Ys
nuddepeHInanbHoe CBOUCTBO (YHKIMH MakCHMyMa, AOKa3aHbl HEOOXOOUMBIC YCIOBHS ONTHMAIIbLHOCTH
B (hopMe MPUHIKIA MAKCUMHUHA U JTMHEAPU30BAHHOTO MPUHIIAIIA MAKCUMHHA.
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