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Abstract. In this work, eigenvalues and eigenfunctions of the boundary value problem
with the Frankl condition for an elliptic-hyperbolic type equation in a special domain
are considered. In the elliptic part of the domain, using polar coordinates and the method
of separation of variables, we derive the spectral problems for the ordinary differential
equations. By solving these problems, we obtain the eigenvalues and eigenfunctions
of the formulated problem. Furthermore, we prove that the system of eigenfunctions
is incomplete in the L> space, which means that not every square-integrable function
in the domain can be represented as a series expansion in terms of these eigenfunctions.
This incompleteness is demonstrated by constructing a specific function orthogonal
to the entire system of eigenfunctions.

By exploring the spectral properties of mixed-type equations, this paper contributes to
a broader understanding of how solutions behave in domains with varying types of dif-
ferential operators. The study highlights the challenges posed by the change in operator
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type, emphasizing the difficulties in obtaining a complete and comprehensive eigenfunction
system. The research expands on previous works in the field of spectral analysis for mixed-
type equations, particularly with respect to the role of spectral parameters and their im-
pact on the completeness of the solution space. This research provides valuable insights
into the mathematical and physical implications of mixed-type boundary value problems.
Keywords: mixed-type equations with a spectral parameter, eigenvalues, eigenfunctions,
boundary value problem, uniqueness of the solution, spectral problem
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BBenenune

Co BTOpOIt oNoBHUHBI 70-X IT. MPOILIOTO CTOJIETHSI OUYEHb XOPOIIO U WHTEHCUBHO
M3yYalich KpaeBble 3a7a4yu JJsl ypaBHEHHH CMEIIAaHHOTO THIA CO CIEKTPAIbHBIM Ma-
pameTrpoM. OJJHa U3 NPUYKH 3TOTO COCTOHT B TOM, YTO HEKOTOpPhIE MHOTOMEpPHBIE aHa-
JIOTH OCHOBHBIX KpaeBbIX 33/1a4 JUIsl YPABHEHUH CMEIIaHHOTO TUIIa MOTYT OBITh M3yde-
HBl [1] myrem ux cBenmeHus (c momomipio mpeoOpazoBanust Dypwe) K 3amauam JUIs
YpaBHEHUH CO CIIEKTpanbHbBIM mapamerpoM. CyIIecTBOBaHWE U €IMHCTBEHHOCTD
peleHns] pa3NuyHbIX 33/1ad JUIsI ypaBHEHWH CMEIIAHHOTO THIIA M3y4YallCh 3THUM XKe
METOZIOM B paboTax [2, 3] B TpeXMEpHBIX 00NaCTAX.

W3ydyeHne crieKTpalbHBIX CBOWCTB KpPAaeBBIX 3ajad sl YPaBHEHHH TaKOro THUIIA
Havaiock ¢ pabotel T.C. Kansmenosa [4], B KOTOPOH OH JJOKa3aJl CYIIECTBOBAHUE XOTS
OBl OZJHOTO COOCTBEHHOTO 3HAYEHMA 3aJau TpukoMu sl ypaBHeHus JlaBpeHTheBa—
bunanze. [lo3nuee E.M1. MouceeBbiM [5] OblIM HaliIeHbl y9aCTKH, B KOTOPBIX HET COO-
CTBEHHOT'O 3HA4YEHUs 3aJayr TPUKOMU Ui CepHil CMEIIAaHHBIX ypaBHeHuWil. B pabote
C.M. IlonomapeBa [6] HaiimeHbI COOCTBeHHbIC (YHKIIMH W COOCTBEHHBIC 3HAYCHUS
3anauu Tpukomu juist ypasHenus Uy, +Signy Uy, —AU =0 B cnenmansHoil obnacTy.

[To u3y4eHHIo CIEKTpalIbHBIX CBOMCTB JIOKATBHBIX KPAEBBIX 331a4 JJIsl ypaBHEHHUN
cMenranHoro tuma otmetuM padotel K.Bb. Caburosa u B.B. Tuxomuposa [7, 8].

B HacTosmiee Bpemsi MCCIENOBAHWH CIIEKTPAIbHBIX CBOWCTB HEJIOKATBHBIX 33134
JUTS. CMEIIAHHBIX YPAaBHCHHU JIUIMIITHKO-THIIEPOOIMYECKOTO THIA CO CHEKTPaTbHBIM
napametpoM Mano. OTMETUM JIUIIb padoTsl [9-14].

B nmanHOi#t paboTe MBI HaiileM COOCTBEHHBIC 3HAYEHHS M COOTBETCTBYIOIIHNE UM
coOcTBeHHbIe (YHKIMH KpaeBOi 3ajauu ¢ ycjoBueM @DpaHkia Ui SIUTHITHKO-
TUNEPOONYECKOr0 YPABHEHUSI C HETJIaKON JTMHUCH M3MEHEHUS THIA B CICHUATbHOM
o0nacTu, a TakKe JOKaKEM HEMOJHOTY CHCTeMbl COOCTBEHHBIX (DYHKIUH paccMaTpu-
BaeMoOM 3a7auu B IPOCTpaHCTBE L.

1. [TocTaHoBKA 3a1a4n

B nanHO# pabore B KOHEUHOI ofHOCBs3HOM oOnacth Q) miockoctu XOY, orpaHu-
genHoit mpu X >0,y >0 u x <0, y <0 gyramu 61 ¥ 62 OKpykHOCTH X2 + Y2 = 1, ¢ KOH-

namu B Toukax A (0,1), B(L,0) u A(0,-1), B,(-1,0) u orpeskamu OA: n OB;

npsambIx X = 0, y = 0 coorBeTcTBeHHO, a Ipu X > 0, Yy < 0 otpeskom B; A, mpsmoii X —y =1,
OymyT moCTaBJIEHBI KpaeBble 3a1a4H /ISl ypaBHEHHS
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2 2

. . o‘u . o°u
sign(x + sign X—+sign y—- [+Au =0,
gn( y)( gnx—7 +sig yayzj )

(x,y) € @\(0A UOA, UOC),

rzie A — 3aJJaHHOE JICHCTBUTENBEHOE YUCIIO, M UCCIIEe0BaHa OJJHO3HAYHAS Pa3pelInMOCThb
MIOCTaBJICHHBIX 3a7a4.

Kpome Toro, OyxyT HalieHbI cCOOCTBEHHBIC 3HAUYEHUS M COOCTBEHHBIE (YHKINU
9THX 337a4 U MCCIIEI0OBaHA MOJHOTAa CHCTEMBI COOCTBEHHBIX (yHKIMHA. [Ipu aTOM HC-

nosp3ytoTes cenyomue obosHauenus: QN =QnN(x+y>0), Qf=Q"n(y>0),
Q =Q"n(y<0); Q =Qn(x+y<0), Q;=0Q N(x<0), Q =Q N(x>0);
OD ={(x,y):x+y=0,0<x<(1/2)}.

Vpasuenue (1) B o6macTu £ MpUHAUIEKAT CMEIIAHHOMY THITy, 2 IMEHHO: B 00Ja-
cTAX Qp — JJUTMNTHYECKOMY THITy, & B 061acTsax Q) — runepbomudeckomy Tury. OT-
pesku OA, n OB, sBISIOTCA MTMHUAMH M3MEHEHMA THa ypaBHeHus, a OD — nunueit

pa3psiBa mnocjaeHero KodgQuireHTa ypaBHeHusI.
Ilpu »3TOM WCOONB3YIOTCA cieayromme o6osHadeHus: A=QN(x-y>0),

AT=An(x+y>0), Q3 =A"N(y<0), Qf=A"n(y>0); A =An(x+y<0),
Q; =A"N(x>0), Q3 =A"N(x<0); o3=0,N(x-y>0), o,=0,N(x—y>0);
OA; (OA,)), OB, OA,, OD — orpe3kn X—y=0, y=0, x=0, X+y=0 coorser-
cteenno, rze O(0,0), D(1/2,-1/2), B,(L0), A (0,-), As(l/ﬁ,llﬁ),

A (-11V2,-1142).

3apava ©,. Haiiti 3HaYeHus mapaMmeTpa A M COOTBETCTBYIOIIME UM HETPHUBHAIb-
HBIE B 00JIACTH A pelIeHus ypaBHEHHs
2 2

sign(x+y) signxa—u+signya—u +Au=0
ox® oy’ ’ (1)

(x,y) e Q\(OA UOA, UOC),
w3 knacea C(A) NC'((AUOA, UOA,)\OD)NC?(A\ (OB, UOA, UOD)), yaoBie-

TBOPSIFOIINE YCIOBHAM

U(x,y) =0, (x,y)<5s; a—iu(x,y)=o, (X, y) < OAy; @
U(x,y) =0, (x.y)eds: %U(x,y)=0, () < OA,; 3)
u(O,—x)+u(x/\/§,x/x/§)=O, 0<x<1], 4)

rze N — BHyTpeHHss HopManb K OA; u OA, .

Te 3HaueHHs mapameTpa A, KOTOpbIC TpeOyeTcss HAUTH B 3aadax ®), Ha3bIBAIOTCS
COOCTBCHHBIMU 3HAYCHUSMH, a4 COOTBETCTBYIOIIMEC UM HETPUBUANBHBIC (YHKIIMH —
cOOCTBeHHBIMU (DYHKIUAMH 3a1aun O,
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ITyctb Ao ecTh Kakoe-HUOYAb COOCTBEHHOE 3HAaUeHHUE 3a1a4u Oy, a Uy(X,y) — coot-

BETCTBYIOIIas eMy coOCTBeHHas ¢yHKims. BBemem obo3nauenus & =E(X,Y)=-Y,
n=n(xy)=-xu

ug (x,¥), (x,y)eA™;

Up (X,y), (X, y)eA™

OueBmjHO, 4To ecin (X, y) € A", To (§,m) €A™ . VuureBas 510, B o6mactu A"

Uo (X, Y) Z{

BBEJIEM B PACCMOTpPEHHUE (QyHKIHUIO
Uy (X, Y) =Ug (X, ¥) —Ug (Em), (X, y) €A™
Tonb3ysich colictBamu dyHkuwmii Ug (X, Y) 1 Ug (€,m), KpaeBbiMu ycosusmu (2), (3)
1 Ug (X,—X) = Ug (X,—X), 0 < x <1/ 2, HeTpyIHO YOeIUTHCS B TOM, 4TO GYHKIHS Ly (X, Y)
YIOBIETBOPSIET YCIOBHSIM
Vo (X, Y) e C(AY)NCHAT UOA) NC?(A*\OB));
Vgxx +519N Y gy + A0 =0, (X, y) € A"\OB;;

Voxx (X’ y) =0, (X, y) € 61 Uﬁ, (5)
vy (%, y) c
- 0, (x,y)eOA.

Opno#t w3 (yHKOMH, yHoOBIeTBOpAOMNX yclnoBuio (5), sBisercs QyHKIHA
Vo (X, y) =0, (X,y)eZ+, OTKyZma ciemyer, d4to ULg(X,0)=0, 0<x<1, rte.

Ug (X,0)—Uq (0,—X) =0, 0 < X <1. VuursiBas 910 1 ycinoue (4), nmeeM
U (x,0)+ug (0,x) =0,0< x<1. (6)
U3 ceoiictea Gyrkimu Ug (X, Y) u pasenctsa (6) cremyet, uto dynkuus Ug (X, Y)
B o6sactu (] Y/IOBIETBOPSET YPABHEHHIO
Ugxx TUgyy +AqUg =0,
a Ha ee TpaHuIe — yCIoBUsIM (6) 1
oY) =0, (43) €555 —Up(x,y) =0, (x.3) € OA

OTcroa cieyer, 4To COOCTBEHHbIC 3HAUCHUSI U COOCTBEHHbBIE (PYHKIINU 3a1a4u Oy,
B 00mactn ()} ABIAIOTCS Takike COOCTBEHHBIMH 3HAYEHUAMH M COOCTBEHHBIMH (YHK-

OUAMHA CHGL[yIOIHCﬁ 3aJa4u.
32113‘[3 ‘“P)V Haiitn 3nauenus napamMeTpa Au COOTBCTCTBYIOIINC UM HCTPUBUAJILHBIC

B o6nactu QO pemenns ypasuenus (1) us kiacca C(Q5) NCH(QF UOA) NC3(Q3),

YIOBIICTBOPSIOIINE YCIOBHIM

U(x.y) =0, (x,Y) €55, (8/M)u(x,y) =0, (x,y) c OA;

u(x,0)+u(x/\/§,x/\/§):0, (X,O)E@l,

rje N — BHyTpeHHss HopMalb kK OA;.
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2. Pe3yabTaThl H HCCJIET0OBAHAS

B oGmacti QF mepexoauM K MOJSIPHBIM KOOPAHHATAM

x=rcosp, y=rsing (0<r<1,0<¢p<n/2) (7
u pemenre 3agaun W, vineM B BUIE!
u(xy)=R(r)®(p)=0. (8)
Torna u3 3amaun ¥V, otHocuTenbHO GyHKIMi R(r) momydnm 3amady Ha COOCTBEHHBIC
3HAYCHUSL:
r2R"(r)+rR'(r)+ (Ar —0®)R(r) =0, 0<r<1, 9)
u R(0)=0, R(@) =0, a oraocutensuo ®(¢) —3aaa4y ¢ yCIOBUIMU
CD”((p)+0)2CI)((p):O, O<op<ml/2, (10)
®'(n/4)=0, ®0)+D(n/4)=0. (12)

Pemenunem ypaBuenus (9), ymoenerBopsionuM ycmosuio R(0) =0, sBusercs
hyHKIHSA
R(r) = Jw(ﬁr), Rew > 0. (12)
[Mone3ysich 00MMUM perreHnemM
@ () = acos(we) +bsin(we)
ypaBreHus (10) 1 Rew >0, HeTpynHO yOEOWTHCS, YTO HETPUBUAIBHBIC PEIICHUS 3a-
gaun {(10), (11)} cymectBytoT mpu ®=w, =8N—4, ne N, u OHH OIpeReNAIOTCS
paBeHCTBaMH
@, (p) =a,cos[(8n—4)p], neN, (13)
rae apn # 0 — npou3BOIbHBIC TOCTOSHHEIE.
IoactaBnsas =, =8n—4, ne N, B peuieHue
®'(n/2)=0, ®(0)+D(n/2)=0
ypaeuenust (9) u yaoBnersopss ycnosuto R(1) =0, umeem ypaBHeHue
Jgn-a(v2)=0, neN, (14)
OTHOCHTENbHO A. OGo3Hayast uepes P, — M- NoNoKUTENbHBIH KopeHb ypaBHenus (14),

HAXOMM COOCTBEHHBIC 3HAYCHHSA A, o = B2 1, 3amaun Vs,
CobcrBenHble GyHKINM 3amaun V), COOTBETCTBYIONME COOCTBEHHBIM YHCIAM A, o
B cuny (8), (12), (13) 1 o = ®, =8n—4 umetor BUA:

Unm (X’ y) =anm cos[(8n _4)(P]><
xJ8n74([3n'm\/x2+y2), (x,y)eQi, nmeN, (19)

rae a,,, #0 — IPOM3BOJIbHBIE TOCTOSHHBIE.
Teopema 1. Cucrema cobcrBernbix GpyHximi {U, (X, Y)} e 3a0auun W), ompe-

nexnsiemast popmyioit (15), e mosHa B mpoctpanctse Ly (Q3) .
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B camom nene, kaxnas gynkims suga f(X,y) =rPsin[(8p—-4)¢], p=conste N ,

opToroHaibHa ko BceM dyHkuusam cuctemsl (15) B L, (Q3) .

[onezysce pyaxmuamu (15) u hpopmynamu

u(xy) = (kT2 T 2], [ RO -yD) [ () ey,
u(x, y) = [kstpl2 + k4T2’p’2] J, [J%(yz - xz)}, (x,y)eQy,

MOXXHO y6C,Z[I/ITLC$I, YTO 4YHuCiIa }\,nm =Bﬁm SIBJISIIOTCS. COOCTBEHHBIMH 3HAYEHHSIMU

3aga4u ©), a coOCTBeHHBIE (DYHKIUH 3TOH 3aa4U ONPEAENAIOTCS PAaBEHCTBAMHU

a'n,m COS[(8n _4)(P]J8n—4 |:Bn,m Y XZ + yZ :|' (X’ y) € Q;;

1 _ _(4n— [
Ean,m |:-|—14n 2 _Tl (4n-2) :| ‘]8n—4 [Bn,m XZ - y2 ] (X! y) € QJr;
un,m (X, Y) = (16)

1 _ —(4n— [ _
Ean,m |:-|—24n 2 _TZ (4n-2) :| an_4 [Bn,m y2 _ X2 j|, (X, y) c Qz.

a, 1, cos[(8n— 4)9]dg 4 [Bn’m«/xz y? } () €0,
e a,, #0 — npousBonbHbie ocTosHHbE, N,Me N ; Rep>0, Ty =(x-y)/(x+Y),
T, =(y-x)/(y+x).

Teopema 2. Cucrema cobetBennbX Gynkmmit {U, (X, Y)}y g 3amauu O, ompe-

nemsiemast popmyioi (16), He nosHa B npoctpanctse L, (A) .

Hoxa3aTeabcTBo. B o0nact A paccMoTpuM QyHKITHIO
F(xy),  (xy)eQs;
Ry,  (xy)eQs;
Fxy)=1 * :
F2 (X7 y)l (Xv y) € QZ’
FS_(X7 y)l (Xv y) € QC’_H

rne Fy(x,y) € Ly(Q}), j =2,3, n mnrerpan

L= [[FO6Y) Uy (%, y) dxdly = i [[ 7 06 y) U m(x,y) dxdy +
A

12294_-
. J (17)
+Z .U I:Jf (X' y) Unm (X, y) dx dy = LE + LE + |_£ + |_§_
=2 -
J

Iepexons k mospHeIM Koopaunatam (7) B Ly u Ly, nomyuum

1 T
L =c, j Jgn_a (Bn mr)re"dr j f5(r,0/4)cos[(2n —1)6]d0, (18)
0 0
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1 67

L =¢, f Jgna Bpmr)re"3dr j f5 (r,0/4)cos[(2n—1)0]d6, (19)
0 51

rae f5°(r,0/4)=F; (rcose,rsing), 0 =4¢, ¢, =a, n(Bym /2% /[40(4n-1)] .

B unTerpane L mpom3BemeM 3aMeHY MEpPeMEHHBIX &= X+ Y,N = X—Y aHaJornd-
HO TOMY, KaK 3TO CJIeJIaHO B JI0Ka3aTeNbCTBE TeopeMbl [14], momyunm

1 1
5= [ Jgn_a (Bnm@)a®2da ;" (as,q/s)(s™"° +5% ) ds. (20)
0 q
[Momarast & =—X—Y,n=X—Y B unTerpaie L,, aHaTOrHYHO HAXOIUM
1 1
Lz = [ Jgn_a (Bnm@)a®da] T (as,q/s)(s7"% +5°"° ), (21)
0 q

snecs f,(0s,q/8)=F, (X, Y).
IMoxcrasmssa (18)—(21) B (17), 6ymem umeth

1 T
L= czjjgn,‘l(ﬁn,mr)rf*”*dr j f5 (r,0/4)cos[(2n~1)6]d6 +
0 0

67 1
+ [ 5 (r,0/4)cos[(2n~1)0]d0 |+C, [ Ign_s (Brmd)a™ *dax (22)
0

5n

1
x J[ f, (gs,q/s)+ fy (qs,q/s)}(s‘s””’ +58”‘5)ds.
q
Mycrs f5 (r,0/4)=rPsin[(2p-1)6], p=consteN; f; (gs,q/s)=—f, (gs,q/s)%0
Torma m3 (22) cnenyer, uto L = 0. CnemoBarenbHO, CymecTByeT QYHKIHS
F(x,¥)eL,(A), u F(X,y)#0 B A, KOTOpast OPTOroHaNbHA KO BCEM (DYHKIHSAM CH-
cremsl (16). Teopema 2 nokazaHa.
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