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Abstract. The theory of pension annuities is closely related to the ideology of net premiums of the life insurance
theory. The mathematical theory of insurance is widely used to solve many problems that are determined by the re-
quirements of the market economy. The requirements of practice stimulate the development of insurance theory and
the closely related theory of annuities and force researchers to turn to more complex mathematical models in this area.
New methods of calculating annuities appear that reduce the time for making optimal decisions in the absence of suf-
ficient information about the markets of new types of pension services. The article considers the problem of estimating
continuous r-year deferred m-year term life annuity with making use of information on probabilistic characteristics of
lifetime. Insurance companies often offer their clients to conclude contracts of r-year deferred m-year annuities. Non-
parametric estimators of life annuities are constructed from data on the lifetimes of individuals. Found the principal
terms of the asymptotic mean squared errors (MSEs) of the proposed estimators; their asymptotic normality is proved.
It is shown that the use of auxiliary information often leads to a lower MSE of the modified estimator compared to the
MSE of the traditional estimator. An adaptive estimator is proposed that can be applied in practice.
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AnHoTanus. Teopust IEHCHOHHBIX PEHT TECHO CBsI3aHa C HAEOIOTHEH HeTTO-IIPEMHUI TEOPUH CTPaXOBaHUS JKI3HU.
MaremaTuueckas TEOPHA CTPAXOBAHUSA HIMPOKO UCIIOJIB3YETCS MPU PEIIEHUN MHOI'UMX 3a7a4, KOTOPBIC OINPEACIIAIOTCSA
TpeOOBaHUAMH PHIHOYHOH YKOHOMUKH. TpeOoBaHUS IPAKTUKH CTUMYJIHPYIOT PA3BUTHE TEOPHU CTPAXOBAHUS U TECHO
CBSI3aHHYIO C HEH TEOPUIO PEHT M BBIHYKIAIOT HCCleioBaTeNnell oOpamaThes K 6oee CI0KHBIM MaTEMaTHYECKUM MO-
JeTsIM B yKa3zaHHOH obOmactu. T1osBISIOTCS HOBBIE METO/BI pacieTa PeHT, KOTOPBIE COKPAIIAIOT BPEMsI IIPUHSTHUS OII-
TUMAJIBHBIX PEIICHUH B YCIOBUAX OTCYTCTBHS JOCTATOYHON MH(OPMAIIUY O PhIHKaX HOBBIX BHOB IIEHCHOHHBIX YCIIYT.
B crarpse paccMmarpuBaetcs mpoOiieMa OLeHUBaHHS HETIPEPBIBHOM M-JIeTHEH BpEMEHHOW PEHTHI, OTCPOUCHHOM HA I JIeT,
¢ yueToM MH(GOPMAIIMHU O BEPOSITHOCTHBIX XapaKTePUCTHKAX MPOJOJDKUTEIBHOCTH )KU3HU. CTpaxoBble KOMIIAHUH 4ACTO
MpeJyIaraloT KIMeHTaM 3aKJIIouaTh JOrOBOPbl MMEHHO M-NETHHX PEHT, OTCPOYEHHBIX Ha I' neT. Hemapamerpuueckue
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OLICHKU PEHT CTPOSTCS 110 AaHHBIM HPOJIOJDKUTEIEHOCTEH )KU3HN HHIMBUAYyMOB. HaliieHs! Ii1aBHbIE YacTH aCHMIITO-
THYECKUX cpeqHekBagpaTHdHbIX omnbok (CKO) nmpemnoskeHHBIX OLIEHOK, TOKa3aHa UX aCHUMIITOTHYECKash HOPMalb-
HOCTb. [T0Ka3aHO, YTO HCIOB30BAHUE TOTTOTHUTEIBHON HHPOpMAIMU YacTo MpuBOIUT K MeHbIiei CKO moaudum-
poBaHHOI1 onieHKH 10 cpaBHeHUIO ¢ CKO TpaaummonHoii onenkd. [Ipemiaraercs agantuBHas OLEHKA, KOTOPas MOXKET
HNPUMEHSTHCS Ha IPAKTHKE.

KroueBble ciioBa: M-JIeTHAA PEHTa, OTCPOUCHHAS HA I' JIeT; HellapaMeTPHUYECKOe OLICHUBaHUE; JOIOIHUTEIbHAs
UH(pOpPMAIS; CPEAHEKBAIpAaTHYECKas OLIMOKa; aCHMITOTHYECKAasi HOPMAJIbHOCTB; a/IalITHBHAS OLICHKA.

Mna yumuposanua: Jvurpues 0.I'., Komkun I''M. HenapameTrpuueckoe OLCHUBaHMS HENPEPHIBHOM M-neTHEH
BPEMEHHOI PEHTHI, OTCPOUCHHOH Ha I-JIeT, ¢ y4eTOM HH(OPMAIMU O BEPOSTHOCTHBIX XapaKTEPUCTHKAX MPOJIOIIKHU-
TenpHOCTH ku3HH // BecTHHK TOMCKOro rocyqapcTBEHHOTO YHHBEPCHTETA. YTIPaBICHHE, BBIYUCIUTEIbHAS TEXHUKA
u nadopmaruka. 2025. Ne 73. C. 65-74. doi: 10.17223/19988605/73/8

Introduction

The current stage of development of public socio-economic relations requires non-trivial approaches to
the ideology of calculating pension annuities [1. P. 13-46, 170-194], which is associated with:

— the impact on the insurance market of such unpredictable phenomena as epidemics, natural disasters,
social cataclysms, etc. [2-4],

— the emergence of new types of insurance and pension services [5, 6].

Let X be the age of an individual and at the moment t = 0 payments start. The idea of the r-year deferred
m-year term life annuity in accordance with [1. P. 150] is this: from the moment t+r = r, an individual starts
receiving a monetary amount once a year, but payments are made not more than m years. For ease of calcula-
tion, such a monetary amount is taken as equal to a conventional unit. So, payments are making in the time
interval (r, r+m]. It is known that the life annuity is associated with the appropriate type of insurance. Thus,
the average total cost of the present continuous r-year deferred m-year term life annuity gives the following
formula (see [1. P. 184]):

1- r| Acml
)

b

r\ax:rﬂ (8) =

where R:ml = _[ e ™ f, (t)dt is a net premium (the expectation of the present value of an insured unit sum

f(x+1)
S(x)

ability density of the future lifetime T, = X —x of an individual (x) [1. P. 62], f(x) is a probability density

for an r-year deferred m-year term life insurance at age x), ¢ is a force of interest, f (t)= is a prob-

of lifetime X of an individual (x), S(x) = P(X > x) is a survival function. The essence of the present continu-
ous r-year deferred m-year term life annuity is as follows: a client of age x who has entered into an agreement
transfers to the company the sum of r‘aml (8) conventional monetary units; then the company will pay one

conventional monetary unit every year throughout the time interval (r, r + m]. It is clear that r\gx:m|(5) >1, and

=N

the value of the rent r| B (8) increases with the growth of m.

Introduce the random variable
—oT

z(x):l_eT, rem>T, >T. (1)

Then, averaging the random variable z(x) (1) (see [7-9]), we get the formula of the r-year deferred
m-year term life annuity:

— 1 d(x,r,m,d

18m (8) = E(2) = g(l - #j : )
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Here E is the symbol of the mathematical expectation,

X+r+m
®(x,r,m,8) =e> j e dF (1),

X+r
F(x)=P(X <x)=1-S(x) isa distribution function.
Note that the whole life annuity &, () [7] is the special case of the annuity (2) at r =0 and m=co.

Let us consider the problem of estimating continuous life annuities based on a sample of individuals'
life expectancies [10-12]. The use of classical methods of statistical data processing often does not allow
obtaining adequate models on the basis of which the insurance company's development strategy is built. When
using classical parametric estimates and models, information about the phenomenon being studied is required
with an accuracy of up to unknown parameters. In practice, problems often arise with the selection of suitable
parametric estimates and models. Data processing using nonparametric statistical methods allows synthesizing
simple and adequate (with known statistical properties) estimates and models in conditions where information
about the phenomenon being studied is of a general nature [13].

1. Construction of the r-year deferred m-year term annuity estimator

Assume we have a random sample X,...., X, of N individuals’ lifetimes. Using the empirical survival
function

1N
Sn (%) :W%I(Xi > X),

where I(A) is the indicator of an event A, we obtain the following estimator of (2):

OX
A ©) =%[1— O S exp(=OX (X4 T+M> X, > x+ r)j:l(l—wj, 3)

Sy(X)-N iz 3 Sy (%)

ox N
@y (x,r,m,3) =eWZexp(—8Xi)I(X+ F+m= X, > X+1).
i=1

2. Bias and mean squared error of estimator (3)

In this section, we will obtain the principal term of the asymptotic MSE and the bias convergence rate
of the estimator r‘éx':“ml (5).
Introduce the notation (see [14]): the function H(t):R* — R, t =t(x) =(t;(X),...,t;(x)), is an s-dimen-

BH (t)

sional bounded function; H;,(t) = . j=1s, VH() :(Hl(t),..., Hs(t)); the symbol T denotes the trans-

J

pose; ty=(ty...ty) is an  s-dimensional statistic, tyy =ty (X)=tp (X Xy, Xy ), j=1S;
Ity lI=A/t5 +...+15, isthe Euclidean norm of t, ; = N_{u,c} is the symbol of weak convergence of sequence
of random variables to the s-dimensional normal random variable with a mean p=(u,,...,1g) and symmetric
covariance matrix o =f|c; ||, 0<o; =0 (X) <%, ] =15, R is the set of the integers.

Definition 1. The function H(t):R® — R' and the sequence {H (tN)} are said to belong to the class
N, (t;y), provided that

1) there exists an e-neighborhood {z 1z, -t |<e,i =E} in which the function H(z) and all its partial

oH (2)

derivatives up to the order v are continuous and bounded;

|
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2) for any values of variables X,...., X, the sequence {H (ty )} is dominated by a numerical sequence

C,d}, suchthat d, Too, as N — oo, and 0<y <co.
We present Theorem 1 from [14].

Theorem 1. Let the conditions 1) H(z), {H(t,)} € N,(t;y) and 2) E|ty —t||i :O( "2) hold for
all i eR. Then, for every k e R,
‘E[H (t)-HO] —E[VHE- —t)T]k‘ —0(d, "), @)
If in formula (4) k=1, we obtain the principal term E[VH (t)-(t, —t)" | of the bias E[H (t,)—H(t)]
for H(t,), and atk = 2, we have the principal term E[ VH (1) (t, —t)TJ2 of the MSE E[H (t,)-H(®)] .
Theorem 2. If the survival function S(x) >0 and S(t) is continuous at a point x, then

1) for the bias b( r\axh:‘m (8)) of estimator (3) we have
@ (®)) =[E 1@l ©)— em®)| = O(N )
2) the MSE u? ( r‘ax':“ml (8)) is given by the formula

O(x,r,m,28) —d>(x,r,m,8) / S(x) ( 1 j
N&%S2(x) N%2 )

Proof. For the estimator r‘é){\:'ml(é‘)) (3) in the notation of Theorem 1, we have: s=2; dy =N

ty =(tinoton ) = (@ (1M, 8), Sy (X));  t=(ty,t,) =(D(x,r,m,3), S(x));
H(tN)i(l—tl—N}l[l—wj— Ao
t2N

uz(r‘gym(é)): (r\axml(s) r\axm|(6))2

5 5 Sn (%)

B T D PO €1 111 11) ) By 1 _®(x,r,m,3)

H(t)_f’[l tz]_5(1 S(x) j A2 MO ="555 H20) 55%(x)
VH(t)=(H1(t),H2(t)):(_681(X) CD(SxSr(T)S)]

The sequence {H (t,)} satisfies the condition 1) of Theorem 1 with C; = %(1+ e*?“’r) and y=0:

N
X
e” > exp(=0X I(X+r+m> X; >X+r)
1 D, (X,r,m,d 1 D\ (X,r,m,d 1 & ! !
|H(tN)|=g|l—% sg[lJrN(S—)]sg 14 i . <
N (X) N (X) YI(X; > X)
i=1
N
e S I(X+r+m= X; > X+T)
<=1+ =L (1+e‘5r)
d 3

N
2 I(X; >X%)
i=1

Further, in view of t, = S(x) >0, the function H(t) satisfies the condition 1) of Theorem 1. Also, this func-
tion satisfies the condition 2) of Theorem 1 due to Lemma 3.1 [15], as for all i € R such inequalities hold:

E[e'ﬁ"e X (x+r+m> X >x+r)}<e'5xe BEEDTS (X +1) = S(X+r+m)]=

=e " [S(x+1)=S(x+r+m)]<1 E[I‘(x >x)]=S(x)£1.
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It is well known that Sy (x) is an unbiased and consistent estimator of S(x) Show that @ (x,r,m,d)
is an unbiased estimator of ®(x,r,m,d):

X N
Edy (x,r,m,d) =eWE{Z exp(—=0X)I(X+r+m= X; > x+ r)} =d(x,r,m,o).
i=1

The ratio of two unbiased estimators can have a bias. All conditions of Theorem 1 are satisfied and
E [VH (t)(t, _t)T] =0, therefore, in accordance with (4), we obtain the order of the bias b( r‘ax“:‘ml (8)) :
E( 4@ ®) ~ )~ E[VH Oy ~0]|=[E @l ©)— @em@]|=O(N ).

Now, calculate the variance of estimator @ (x,r,m,d):
eSX N
D®y (x,r,m,8)=D WZexp(—SXi)I(X-i- r+mX; >x+r) |=
i=1

20X N
7 D[exp(—8X)I(x+r +m>X; > X)] =%((D(x,r,m,28)—¢>2(x,r,m,6)).
i=1

61101,

Similarly, we find the covariance matrix QM(x,r,m,S):{ } for statistics Sy (x) and

0,,0,,
Dy (x,r,m,8):
oy = ND[®y (x,1,m,3)] = D(x,r,m,28) - D*(x,r,m,8); 62 =ND[Sy(¥)]=S)(1-S(x));
615 =0y =N cov(Sy (X), @y (X,8)) =
= N[ E[Sy (X)®y (x,1,m,8)] - E[Sy (O] E[®y (x.r,m,8)] | =(1-S(x))D(x,r,m,5).

Using the previous results on the bias and the covariance matrix, we obtain

uz(réﬂm(&):E[VH(t)(tN_t)TTm( ﬁ j=

:le(t)011+sz(t)czz+2H1(t)H2(t)612+O( i/zj:W(X'r’m’S)‘FO( ]3.,/2): Q)
N N N
W (x,r,m,3)= CD(x,r,m,28)—2d)22(x,r,m,6)/S(x). ©)
d°S°(x)

The proof of Theorem 2 is completed.
3. Asymptotic normality of estimator (3)

We need Theorem 3 (the central limit theorem from [16]) and Theorem 4 from [14].
Theorem 3. If &,,&,,...,&y,... IS @ sequence of independent and identically distributed s-dimensional

N
vectors, E{¢,}=0, o= E{élék}, and ty :% > &, then,as N »> o,
k=1

\/ﬁtN = N {0,0}.
Theorem 4. If gy (ty —t)= Ng {p,c} for some number sequence gy T oo, the function H(z) is differen-
tiable at a point p, VH (n) = 0, then
Ay (H(ty) ~H ()= Ny {uVH@r", VH@eVH ().

Theorem 5. Under the conditions of Theorem 2

TR (8 )— (B ) = Ny {O’cb(x,r,m,28)6—2cé>22(()>(<),r,m,6)/8(X)} N oW (xrms)|
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Proof. In the notation of Theorem 4, we have s=2, c=Q,,, (x, r, m,S) in accordance with Section 2,
and gy = JN. Now, applying Theorem 3, we get
IN[[®y (x,1r,m,8), Sy ()] -[@(x,r,m,8), S(x)]] = N, {(0,0), Q5 (x,r,m,5)}.
The function H(z) is differentiable at the point t=(®(x,r,m,8), S(x)), VH(t)=0, Consequently, all

conditions of Theorem 4 hold, and using (5) and (6), we obtain the desired result.
The proof of Theorem 5 is completed.

4. Construction of estimators using information on probabilistic characteristics of lifetime

Let  be the limiting age, i.e. S(X) >0 for x<w, and S(x) =0 for x> . Suppose we know the aver-
age of the lifetime functional

Eg(X) = [g(x)dF (x)=J, ()
0

where g(x), x€[0,w], is a known function. If g(x) is the indicator of the set {(o:C1 <g(x)< CZ}, then one

gets the probability P(C, <X <C,); for g(x)=x" one comes to the initial moment of order r, and for

g(x) =(x—EX )r — to the central moment of order r, and so on. The estimator using such information can be
taken in the following from [17, 18]:
— 1 O, (x,r,m,d
(B (8.2) =g(l—M—

sy 0w —J)} (8)

N
where Jy =%Z g(xi) is an estimator of J, the parameter A we will find minimizing the principal term of
i=1

the asymptotic MSE of r‘éxﬁ'ml (8,1) (8). Estimator (8) combines the available empirical information containing

in (3) and prior information (7).
For estimator r‘ﬁx'?'ml(ﬁ,k) in the notation of Theorem 1, we have: s=3, dy =N;

ty = (v tonotan ) = (P (X1, M, 3), Sy (¥), Iy ); t=(t 1, t5) =(D(x,r,m,8), S(x), J);

H®) = H(t,t,t) :%[ —tt—l—x(t3 —J)]:%[l_w_m —J)J: B (8.0
2

~ Dy (%r,ms)

1
H(tN):g[l SN(X)

k(‘] N~ J )J = r\ax,\:lﬂ(&)“);
©)

o 0| e

5. Bias and MSE of estimators using auxiliary information

Arguing as in the proof of Theorem 2, it is easy to show that the sequence {H (ty )} in (9) satisfies the

condition 1) of Theorem 1 with C, =%(1+ e +[3(K +|J|)) where sup |g(x)|=K <o, and y=0. Also,
xe[0,0]

the statistic t,, satisfies the condition 2) due to Lemma 3.1 [15], provided that Eg'(X)<K'<w forall i eR.
Hence, given that E(ty —t)=0, for the bias of (7) we obtain
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E( B 6.1 (B 30))~E[VH Oty ~0] =
~ [E (@ 6.2~ Bem@2))| = |p( B 2))| =O(N ). 10)

611012013
Now, find the covariance matrix Q. (x,r,m,8)=|06,0,0, | for statistics @ (x,r,m,3), Sy (x),
031032033
and Jy i o33 =NDJy =Dg(X); o153 =03 =Ncov(Jy, Dy (x,r,m3))=C;(x,r,m,38) —Id(x,r,m,3);
X+r+m
Gy =03 = Ncov(Sy (), Iy ) =Cyp(x,r,m,) = JS(x),  where  Cy(x,r,m,3)=e* J e ¥g(u)dF (u),

X+r
X+r+m

C,(x,r,m)= j g(u)dF(u), and o,,, 6,, 0,, 0, are defined in Section 2. Using (4) at k = 2, (5), (6),

X+r

(9), (10), and covariance matrix Q,,(x,r,m,3), we obtain:
2
uz ( r\a::lw(ssk)) =E ( r\ax,\:lml (6’}“) - r\ax:ml (8)) =
_E[VHO, —0] +o( N1 ):W(X,r,m,&?») +o( 1 j

3/2 N N3/2

(11)

3 3
W (x,r,m,3,)= zl _le (D0, H (1) = H D)oy, + H (D)0, + HE (D)os; + 2Hy (H, (Do, +
p=l1j=

52 ) ) (12)
=W (x,r,m,3)+1%Q, —21Q,,
where Q :% >0, Q, :m.

Thus, the derived formulas (10)—(12) determine the bias and MSE of the estimate (8) and allow us to
formulate the following theorem.

Theorem 6. If the survival function S(x) > 0, S(t) is continuous at a point X, sup |g(x)| =K <o, then
xe[0,0]

+2H, () Hy(t)oy3 + 2H, (1) H3 (t)o 5 =W (X,1,m,8) +

1) for the bias of estimator (8) the following relation holds: ‘b( r‘ﬁx“:‘ml (8,%))‘ = O(N‘l);

2) the MSE of estimator (8) is given by the formula (11).

The minimum of W(x,r,m,ﬁ,x) (12) with respect to A is achived at A, =Q% . Such A, minimizes
1

the principal term of MSE u? ( r‘ﬁx'\:'ml(é‘),k)) , and this minimum is as follows:

W (x,r,m,3,A 2\ W(x,r,md
(To)zi(W(xyr,m’s)_&Jg(T)_
So, the principal term of MSE (11) at A, is not more than the principal term of MSE (5), and, in ac-

cordance with (13), the estimator
al (5.g) =1 1- Duxrm3)
r| Sx:m| 5 SN (X)

will be called the optimal estimator in the mean square sense. The non-negative quantity QZ2 /Q1 in (13) deter-

—%UN—HJ (14)

mines the decrease of the principal term of MSE for the optimal estimator r‘éﬂml (8,A9) by making use of

auxiliary information (7).
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Theorem 7. If the conditions of Theorem 6 hold, then
1) |o( & (.20))| =O(N )

W (X,r,m,8,%, ) 1
N o N3/2 >

2) u? (@ (3.20)) =

where W (x,r,m,8,) is defined by the formula (13).
Note that Theorem 7 is a simple consequence of Theorem 6.

6. Asymptotic normality of estimators using auxiliary information

Theorem 8. Under the conditions of Theorem 6
IN (8 (52— By 8)) = Ny {OW (x,7,m,8,1)}.
Proof. In the notation of Theorem 4, we have s=3, c=Q4.4 (x, r, m,6) in accordance with Section 5,
and gy =~/N. Now, applying Theorem 3, we get
INT[@y (x,r.m,8), Sy (%), Iy |- [@(x,r,m,8), S(x), I]] = N3 {(0,0,0), Qz5(x,r,m, )}

The function H(z) is differentiable at the point t = (CD(x, r,m,d), S(x), J ) VH (t) = 0. Consequently, all

conditions of Theorem 4 hold, and using (15) and (16), we obtain the desired result.
The proof of Theorem 8 is completed.
=N

The asymptotic normality of the optimal estimator r| B (6,%0) is determined by Theorem 9.
Theorem 9. Under the conditions of Theorem 6
JN ( B (3.20) — By (5)):» Ny {O.W (x,1,m,3,%)}.

Theorem 9 is a simple consequence of Theorem 8.

7. Adaptive Estimator

The statistic r‘ax“:‘ml(é,ko) can be used as an estimator for r\ax:m|(5) if we know Ay; otherwise, it is
required to construct an adaptive estimator. We need a more detailed formula for A, :

"o 1 D(X,r,m,d)
S(Dg(X)|  S()
Using (15), we consider the following adaptive estimator:

(Co(%,F,m) = IS(X)) —Cy (%, 1, M, ) + J(D(x,r,m,é)}. (15)

L 1 q) 10 !8 -
T e ] "
N
with
~ 1 Dy (X,r,m,3) 4 3 A
xO_SZSN(X){ 5000 (Cz(x,r,m) JSN(x)) Cl(x,r,m,6)+J(I)N(x,r,m,ﬁ)}, (17)

N
where s° :NilZ(g(Xi)— N )2 is an unbiased estimator of the variance Dg(X),

. N . N
C,(x,r,m) = N‘l_zlg(xi)l(x+r+m2 Xi>x+r),Cy(x,r,m,38) = N‘1'Zle‘5x'g(Xi)I(x+r+m2Xi >X+T).
1= 1=

Theorem 10. Under the conditions of Theorem 6
JIN ( ERMCISE r‘am(a)):» Ny {O.W (x,1,m,3,%)].
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Proof. The following equality holds:
\/ﬁ( r\ax'\:lm|(6a5‘0) - r\ax:rﬁ|(6)) = \/ﬁ( r\gx,\:lrm (857"0) - r\axm (8)) + RN J
where Ry = 8‘1(k0 —io)\/ﬁ(JN —J). All the estimators, used in (17), converge almost surely to their true

values according to the strong law of large numbers (the Second Theorem of Kolmogorov [19]). Thus, from
the First Continuity Theorem of Borovkov [16], estimator io converges almost surely to A,. Based on the

central limit theorem \/W(JN -N= Nl{O, Dg(X)}, we retrieve Ry = 0. Now, the statement of Theorem 10
is proved by using Theorem 9.

Conclusion

The paper deals with the problem of estimating the present values of the continuous whole life annuity
using auxiliary information about the expectation of life. It is shown that the usage of such auxiliary infor-
mation can often provide the MSE not more then that of standard estimators. We proved the results on asymp-
totic properties of the proposed estimators: unbiasedness, consistency and normality. Also, the main parts
of the asymptotic MSEs of the estimators were found. An adaptive estimator is constructed; such estimator is
equivalent (in the sense of asymptotic distribution) to the estimator with the optimal weight coefficient 2.

Note that the improved estimators of life annuities (8) and (12) can be obtained by substituting of empirical
survival functions by the smooth empirical survival functions [20].
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